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Preface

This self-contained book provides the reader with a comprehensive presentation of the au-
thor’s recent investigations on operator theory over non-Archimedean Banach and Hilbert
spaces. It therefore completes topics uncovered in the author’s recent book, “An Intro-
duction to Classical andp-adic Operator Theory and Applications”, which has recently
been published byNova Science Publishers. Moreover, it offers several new research lines,
which are, in most part, inspired by their classical counterparts.

Chapter 1is devoted to basic tools related to (complete) non-Archimedean valued fields
needed in the sequel. Among other things, the ideas of construction of the fields ofp-adic
numbers and that of formal Laurent series are discussed. Many key results on the topology
of the field ofp-adic numbers are also discussed.

A valued field(K, | · |) is called non-Archimedean whether the following stronger (tri-
angle) inequality holds

|σ+ς| ≤max(|σ|, |ς|), for all σ,ς∈ K

with equality whenever|σ| 6= |ς|.
The non-Archimedean operator theory consists of studying the analogues of the classical

operator theory when the (complete) non-Archimedean field(K, | · |) plays the role usually
played by the fields of real or complex numbers. Classical examples of such fields include
Qp the field ofp-adic numbers (p≥ 2 prime),Cp the field ofp-adic complex numbers, and
the field of formal Laurent series.

Chapter 2introduces basic properties of non-Archimedean Banach spaces, free Banach
spaces, and non-Archimedean Hilbert spaces needed in the sequel. One should point out
that this is a key chapter, especially for beginners.

Chapter 3is entirely devoted to bounded linear operators on non-Archimedean Banach
and Hilbert spaces. In particular, one takes a closer look into the existence of an adjoint
for a given bounded linear operator with respect to the non-Archimedean “inner product”.
Examples of bounded linear operators, which do not have adjoint also are discussed. New
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developments on perturbations of non-Archimedean bases are also investigated. A nontriv-
ial example of an orthogonal base constructed by perturbation of the canonical orthogonal
base of the non-Archimedean Hilbert spaceEω, is also given. In the middle of this chapter,
special attention is paid to Hilbert-Schmidt and completely continuous operators. Some
of the results go along the classical line and others deviate from it. For the most part, their
classical counterparts inspire the statements of the results we present. However, their proofs
may depend heavily on the non-Archimedean nature ofEω and the ground fieldK. In con-
trast with the classical context,the definition of a Hilbert-Schmidt operator does depend
on the base. Furthermore, the adjoint of Hilbert-Schmidt operator does exists and also is a
Hilbert-Schmidt operator, and each Hilbert-Schmidt operator is completely continuous. As
in the classical setting, a natural inner product is considered for Hilbert-Schmidt operators.
To illustrate abstract results, several examples are discussed at the end of this chapter.

Chapter 4examines non-Archimedean unbounded linear operators recently introduced
in the literature in Diagana[17]. Several examples are discussed including those arising on
the free Banach spaceC(Zp,Qp) of all continuous functions from the ring of integers,Zp,

into Qp, the field ofp-adic numbers.

Chapter 5studies bounded and unbounded non-Archimedean bilinear forms. The clo-
sure and the closedness of (unbounded) non-Archimedean bilinear forms are investigated.
In particular, necessary conditions for the closedness of the form sum of closed non-
Archimedean bilinear forms are given.

Chapter 6consists of a preliminary work of the author on functions and fractional pow-
ers of linear operators on non-Archimedean Hilbert spaces. This chapter is illustrated by a
few examples including functions of a specific (symmetric) square matrix overQp×Qp.

Chapter 7provides the reader with a brief and recent conceptualization of semigroups
within the non-Archimedean framework due to Diagana[23]. Non-Archimedean semi-
groups play an important role in the solvability ofp-adic differential and partial differential
equations as strong (mild) solutions to the Cauchy problem related to several classes of dif-
ferential and partial differential equations in the classical setting can be expressed through
C0-semigroups. An example of solvability of differential equations using the concept of a
non-Archimedean semigroup is discussed at the end of this chapter.

“Non-Archimedean Linear Operators and Applications”is aimed at expert readers,
young researchers, beginning graduate and advanced undergraduate students, who are
interested in non-Archimedean functional analysis and operator theory as well as their
wide range of applications. The basic background for the understanding of the material
presented is timely provided throughout the text. Furthermore, the book offers several
kinds of examples, ranging from routine to challenging. The end of each chapter offers
some useful bibliographical notes and open problems.
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Chapter 1

Non-Archimedean Valued Fields

1.1 Introduction

This chapter provides the reader with the basic tools on the so-calledNon-Archimedean

valued fields. Examples of those fields include, but not limited to,Qp (p ≥ 2 is prime),
the field of p-adic numbers, Cp, the field of complex p-adic numbers, andK((x)), the
field of formal Laurent series. All these fields satisfy the so-called non-Archimedean (or
ultrametric) triangle inequality formally given by

|σ+ς| ≤max(|σ|, |ς|), for all σ,ς∈ K

with equality whenever|σ| 6= |ς|, where| · | is the corresponding absolute value.
A valued field, which does not satisfy the latter inequality is called Archimedean. Ex-

amples of Archimedean fields include(R, | · |), the field of real numbers equipped with its
natural absolute value,(C, | · |), the field of complex numbers equipped with its absolute
value, and many others. Using the non-Archimedean triangle inequality, one derives sev-
eral properties of those non-Archimedean fields. In term of geometry, we will see that in a
non-Archimedean field, each ball is both closed and open, the parallelogram law could turn
into an inequality1, every triangle is isosceles, etc.

One of the main objectives of this book is to make the (non-Archimedean) material
utilized accessible to many people including those who are not familiar with number theory.
For that, proofs of the results, which require some advanced algebraic concepts will simply
be omitted.

This chapter is organized as follows: Section 1.2 examines topologies of non-
Archimedean valued fields. Section 1.3 discusses the construction ofQp, the field ofp-adic
numbers. Section 1.4 introducesK((x)), the so-called field of formal Laurent series.

Throughout the rest of the bookR, C, Q, Qp, Cp, Zp, N, andZ stand for the fields of
real, complex, rational,p-adic,p-adic complex numbers, the ring ofp-adic integers, the set
of natural integers, and the set of all integers, respectively.

1 In a non-Archimedean valued field(K, | · |), the non-Archimedean parallelogram law states that for allx,y∈
K, |x+y|2 + |x−y|2 ≤ 2max(|x|2, |y|2).
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1.2 Non-Archimedean Valued Fields

This section introduces the so-called non-Archimedean valued fields. Those fields will play
a key role throughout the rest of the book. We will especially emphasis on their topological
properties, which are mainly driven by the non-Archimedean (or ultrametric) inequality2.
In most of our examples, we will make extensive use of the field of thep-adic numbers,
known as the simplest (complete) non-Archimedean valued field. The literature on the
algebraic properties of those non-Archimedean fields is very extensive; here, we omit those
details and refer the reader to most good books in non-Archimedean functional analysis,
especially Amice[2], Schikhof[64], Gouvêa[33], Koblitz[42], Mahler[50], Monna[51], van
Rooij[62], and many others.

1.2.1 Basic Definitions

Definition 1. A field K is said to benon-Archimedeanif it is endowed with an absolute
value| · | : K 7→ [0,∞), which satisfies the following conditions:

(1) |x|= 0 if and only ifx = 0;
(2) |xy| = |x|. |y|, for all x,y∈ K; and
(3) |x+y| ≤ max(|x|,|y|) for all x,y∈ K.

As it had previously been mentioned, the property [Definition 1.3.1, (3)], is called the
non-Archimedean triangle inequality. An immediate consequence of the non-Archimedean
triangle inequality is the following:

(4) |x+y| = max(|x|,|y|) whenever|x| 6= |y|, wherex,y∈ K.

As in the classical setting, if(K, | · |) is a non-Archimedean field, then its absolute value
| · | induces a metricd onK×K defined by

d(u,v) = |u−v|, u,v∈ K.

The metricd enables to consider the notion of convergence inK. Basically, one says
that the sequence(ut)t∈N ⊂ K converges tou∈ K whether

d(ut ,u) = |ut −u| → 0 as t → ∞.

Now if the metric space(K,d) is complete3, one says that(K, | · |) is a complete non-
Archimedean field. Otherwise, one can always complete it and denote its completion by
(K̃, | · |). It can be easily shown that(K̃, | · |) is also a non-Archimedean field, which obvi-
ously is complete.

In contract with the classical setting, in a non-Archimedean field, every triangle is
isosceles. This obviously is a consequence of the non-Archimedean triangle inequality.

2 Throughout the book, the word “non-Archimedean” will be preferred to that of “ultrametric”.
3 A metric space(K,d) is said to be complete if every cauchy sequence of elements inK converges. Note

that in the non-Archimedean setting, a sequence(un)n∈N ⊂ (K,d) is a Cauchy sequence if and only if
d(un+1,un) → 0 asn→ ∞, see Proposition2.



Non-Archimedean Valued Fields 3

Proposition 1.Let (K, | · |) be (metric space) a non-Archimedean field and let x,y,z∈ K
such that|x−z| 6= |z−y|. Then

|x−y| = max(|x−z|,|z−y|).

Proof. Suppose that|x−z| < |z−y|. (The proof for the case|z−y| < |x−z| follows along
the same line.) It follows that

|x−y| ≤ max(|x−z|, |z−y|) = |z−y|.

Suppose that|x−y| < |z−y|. Consequently,

|z−y| ≤ max(|z−x|,|x−y|) < |z−y|,

which obviously is in contradiction with the fact|x−y| < |z−y|, by assumption, and there-
fore,

|x−y| = max(|x−z|, |z−y|) = |z−y|.

Definition 2. Let (K, | · |) be a non-Archimedean field. A sequence(xt)t∈N of K is said to
converge tox if for eachε > 0 there existst0 ∈ N such that|xt −x| < ε whenevert ≥ t0. A
sequence(xt)t∈N of K is called a Cauchy sequence if for eachε > 0 there existst0 ∈ N such
that|xt −xs| < ε whenevers≥ t ≥ t0.

In contrast with the classical, the following useful result, which also is a consequence
of the non-Archimedean inequality, holds:

Proposition 2.Let (K, | · |) be a non-Archimedean field. A sequence(xt)t∈N ⊂ K is a
Cauchy sequence if and only if

|xt+1−xt | → 0 as t→ ∞.

Proof. Let (xt)t∈N ⊂ K be a Cauchy sequence. Therefore, for eachε > 0 there existst0 ∈N
such that|xt −xs| < ε whenevers≥ t ≥ t0. In particular,|xt+1−xt | → 0 whenevert → ∞.

Conversely, suppose that|xt+1−xt | → 0 ast → ∞ and write,

xs−xt = xs−xs−1 +xs−1− ...−xt+1 +xt+1−xt .

Combining all terms of the formxr −xr−1 for r = s, ..., t and using [Definition 1.3.1, (3)]
it easily follows that|xs−xt | → 0 ast,s→ ∞, and hence(xt)t∈N is a Cauchy sequence inK.

In contrast with Proposition 2 above, in the next result, the completion of the field(K, | ·
|,d) is required.

Proposition 3.Let (K, | · |,d) be a complete non-Archimedean field. The series
∞

∑
t=0

xt con-

verges to some S∈ K if and only if xt → 0 as t→ ∞.
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Proof. Let St =
t

∑
r=0

xr . It is then clear thatxt = St −St−1. Thus, ifSt → S, thenxt → 0 in K,

ast → ∞.
Conversely, ifxt → 0, then(St)t∈N is a Cauchy sequence, by Proposition 2. Now since

K is complete, there existsS∈ K such thatSt → Sast → ∞.

Let (K, | · |) be a non-Archimedean valued field. Define the ballsΩ(x,r), Ω′(x, r), and
the sphereS(x,r) of K by:

Ω(x, r) := {y∈ K : |x−y| ≤ r},

Ω′(x, r) := {y∈ K : |x−y| < r}, and

S(x, r) := {y∈ K : |x−y| = r}.

In particular, we setΩr = Ω(0, r), Ω′
r = Ω(0, r), andSr = S(0, r).

Proposition 4.Let x∈ K and let r> 0 be a real number. If z∈ Ω(x,r), thenΩ(z, r) =
Ω(x, r).

Proof. Let y∈ Ω(z,r), that is,|z−y| ≤ r. Obviously,

|y−x|= |(y−z)+z−x| ≤max(|y−z|,|z−x|) ≤ r,

and hencey ∈ Ω(x,r), or Ω(z, r) ⊂ Ω(x,r). Now, from the fact thatz∈ Ω(x,r) it is clear
thatx∈ B(z, r).

Arguing as previously, it follows thatΩ(x,r) ⊂ Ω(z,r). From both inclusions it follows
thatΩ(x, r) = Ω(z,r).

From Proposition 4, we obtain the following result:

Theorem 1.Let x∈ K and let r> 0 be a real number. The ballsΩ(x,r), Ω′(x, r) and the

sphere S(x,r) are respectively closed and open inK.

Note that subsets ofK, which are both closed and open are commonly calledclopens.
In addition to the above, the unit ballsΩ1 andΩ′

1 satisfy the following properties:

Proposition 5. If (K, | · |) is a non-Archimedean field, then

(1) Ω1 is a subring ofK with identity1K;
(2) K is the field of fractions ofΩ1;
(3) Ω′

1 is an ideal ofΩ1;
(4) Ω′

1 is the unique maximal ideal ofΩ1; and

(5) The quotientΩ1/Ω′
1 is a field.

The proof of Proposition 5 can be found in Gouvêa[33]. Note that the ballsΩ1, Ω′
1, and

the quotientΩ1/Ω′
1 are respectively called the valuation ring of(K, | · |), the valuation ideal

of (K, | · |), and the residue field ofK with respect toΩ′
1.
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1.2.2 Thet-Vector SpaceKt

The(K, | · |) be a non-Archimedean field. As for the n-dimensional real and complex num-
bersRt andCt , one definesKt as follows:

Kt := {x = (x1,x2,x3, ....,xt ) : xr ∈ K, for r = 1, ...,t}.

It is clear thatKt is a vector space overK. Moreover, one equips it with the absolute
value

|x|t = max
1≤r≤t

|xr |, ∀x = (x1,x2,x3, ....,xt ) ∈ Kt .

Clearly, for allx = (x1,x2,x3, ....,xt), y = (y1,y2,y3, ....,yt ) ∈ Kt ,

|x+y|t = max
1≤r≤t

|xr +yr |

≤ max
1≤r≤t

max(|xr |, |yr |)

= max( max
1≤r≤t

|xr |, max
1≤r≤t

|yr |)

= max(|x|t , |y|t ),

and hence| · |t is a non-Archimedean absolute value overKt .
In view of the above, it is easy to check that the followingparallelogramlaw holds: for

all x,y∈ Kt ,
|x+y|2t + |x−y|2t ≤ 2max(|x|2t , |y|2t )

with equality whenever|x|t 6= |y|t .
It is not hard to see that many algebraic and topological properties ofK can carried over

to Kt . In particular, if(K, | · |) is complete, then so is(Kt , | · |t).
Let Ω(x, r) and S(x,r) denote respectively the ball and the sphere ofKt centered at

x∈ Kt with radiusr > 0:

Ω(x, r) := {y∈ Kt : |x−y|t ≤ r}, and

S(x, r) := {y∈ Kt : |x−y|t = r}.

Clearly, Ω(x,r) andS(x,r) are respectively clopens. Moreover, one can easily check
that if x = (x1,x2,x3, ....,xt ) ∈ Kt , then

Ω(x, r) = Ω(x1, r)×Ω(x2, r)×Ω(x3, r)× ...×Ω(xt , r).

In addition to the above, an “inner product” is defined onKt as follows: for allx =
(x1,x2,x3, ....,xt ), y = (y1,y2,y3, ....,yt) ∈ Kt ,

〈x,y〉t :=
t

∑
r=1

xryr = x1y1 +x2y2 + ...+xtyt .

One can easily check that the “inner product”〈·, ·〉t satisfies the Cauchy-Schwartz in-
equality, i.e.,
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|〈x,y〉t | ≤ |x|t . |y|t , x,y∈ Kt .

In contrast with the classical setting, the norm| · |t does not stem from the “inner prod-
uct” 〈·, ·〉t .

Each elementx = (x1,x2,x3, ....,xt) in Kt can be written asx =
t

∑
s=1

xrer , whereer =

(0,0,0, ...,1︸ ︷︷ ︸, ...,0,0,0) with 1 at therth term and zeros elsewhere. It is clear that such a

decomposition is unique. The (finite) sequence(er)r=1,...,t will be called orthonormal base
of Kt .

1.3 Construction ofQp

1.3.1 Introduction

The p-adic numbers were discovered by Hensel at the end of the 19th century as a tool in
number theory. Today, those numbers play a key role in many areas beyond number theory
– among those areas are algebraic geometry, analysis,p-adic physics,p-adic quantum me-
chanics, representation theory, and many others. In what follows, we describe, by the means
of completion arguments, the construction ofQp, the field ofp-adic numbers. Neverthe-
less, one should point out that we will omit proofs of the classical results related to such
a construction and refer the reader to the landmark book by Gouvêa[33], which contains a
comprehensive presentation onp-adic numbers and related issues.

1.3.2 The FieldQp

Definition 3. Let p∈Z be a prime. Ap-adic valuation onZ is a functionvp : Z−{0} 7→R,
wherevp(t) is the unique positive integer such thatt = pvp(t) .q, whereq is not divisible by
p.

Note that ifvp is a p-adic valuation onZ, then it can be extended to the field of rational

numbersQ as follows: Ifx =
t
s
∈ Q−{0}, wheret,s∈ Z−{0}, one sets,vp(x) = vp(t)−

vp(s), and ifx = 0, then one setsvp(0) = ∞.

Definition 4. Let x∈ Q. Thep-adic absolute value ofx is defined by

|x| :=

{
p−v(x) if x 6= 0,

0 if x = 0,

wherev(x) is the valuation ofx∈ Q.

It is not hard to check that(Q, | · |) is a non-Archimedean valued field. Moreover, from
| · |, thep-adic absolute value, one defines thep-adic metricd onQ×Q by setting:

d(x,y) = |x−y|

for all x,y∈ Q.
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Proposition 6.The non-Archimedean valued field(Q, | · |) is not complete, i.e., there ex-
ists at least one Cauchy sequence in(Q, | · |), which does not converge for| · |, the p-adic

absolute value.

Proof. See details of the proof in Gouvêa[33].

Definition 5. The completion of(Q, | · |) is called the field ofp-adic numbers and denoted
by (Qp, | · |).

The following characterization ofp-adic numbers is due to Hensel4: eachx ∈ Qp can
(uniquely) be expressed as

x = ∑
t≥−t0

at p
t ,

where 0≤ at ≤ p−1.
Moreover,vp(x) =−t0, that is,|x|= pt0.

Example 1.In (Qp, | · |) (p≥ 2 being a prime) consider the sequencext = 1+ p2 + ...+ pt .
Clearly,|xt | = 1 for eacht ∈ N. Moreover,

lim
t→∞

∣∣∣∣(1+ p2 + ...+ pt)− 1
1− p

∣∣∣∣= 0.

Set p = 2. In contrast with the classical case where
∞

∑
t=0

2t = ∞, in Q2, such a series

converges to−1, that is,

1+4+8+16+ ...+ .... = −1 in Q2.

Example 2.In (Qp, | · |) (p≥ 2 being a prime) consider the sequencext = 1+ p−2+ ...+ p−t.
Clearly,|xt | = pt for eacht ∈ N. Moreover,

lim
t→∞

∣∣1+ p−2 + ...+ p−t
∣∣= ∞.

Definition 6. The valuation ringΩ1 = Ω(0,1) of (Qp, | · |) is denoted byZp and given by

Zp := {x∈ Qp : x = ∑
t≥0

at p
t , 0≤ at ≤ p−1}.

Note that the unit ballZp is also called ring ofp-adic integers.
We have the following characterization ofZp:

Proposition 7.The set of p-adic integersZp is a subring ofQp. Moreover, each element of
Zp is the limit of a sequence of nonnegative integers and conversely, each Cauchy sequence
in Q consisting of integers has a limit inZp.

Proof. See Baker[3].

4 This characterization is also known as the Hensel decomposition.
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1.3.3 Convergence of Power Series overQp

This subsection examines the convergence of power series in the field(Qp, | · |) of p-adic
numbers.

Consider the power series

f (x) = ∑
t∈N

αtx
t , x∈ Qp, (1.3.1)

where(αt)t∈N ⊂ Qp.
First of all, consider the particular case whenx = 1 in (1.3.1), that is, the series

∑
t∈N

αt , αt ∈ Qp. (1.3.2)

Proposition 8.The series in (1.3.2) converges inQp if and only if |αt | → 0 as t→ ∞.

Proof. This is a straightforward consequence of Proposition 3.

More generally, we want find some (necessary) and sufficient conditions so that the
series given in (1.3.1) converges, i.e., lim

t→∞
|αt | . |xt | = 0.

Definition 7. A numberr is called the radius of convergence of the series in (1.3.1) if it
converges whenever|x| ≤ r and diverges, otherwise, i.e.,|x| > r.

As in the classical context, define the radius of convergence off as

r :=
1

lim t
√

|αt |p
.

Proposition 9.Let f(x) be the series given in (1.3.1). If r= 0, then f(x) converges at x= 0
only. If r = ∞, the series converges for each x∈ Qp. Now if 0 < r < ∞ and lim

t→∞
|at |rt = 0,

then f(x) converges if and only if|x| ≤ r. Lastly, if 0 < r < ∞ and lim
t→∞

|at |rt 6= 0, then the

series f(x) converges if and only if|x|< r.

Proof. See details in[33].

Example 3.Consider the power series

f (x) = ∑
t∈N

xt for each x∈ Qp.

One can easily check thatr = 1 and lim
t→∞

|at |rt 6= 0, and hencef converges for each

x∈ Qp such that|x|< 1, i.e.,x∈ Ω′
1.

Example 4.Consider the power series (at = 1):

f (x) = ∑
t∈N

xt

pt for each x∈ Qp.

One can easily see thatr = 1/p and lim
t→∞

|at |rt = 1 6= 0, and hence the power series

converges if and only if|x|< 1/p, i.e.,x∈ Ω′
1/p.
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Other important power series are that of thep-adic logarithm and exponential. In con-
trast with the classical setting, thep-adic exponential is not defined and analytic everywhere
in Qp.

Definition 8. Let Ω′(1,1) = {x∈ Zp : |x−1|< 1}= 1+ pZp. The p-adic logarithm is the
power series defined, fromΩ(1,1) into Qp, by

logp(x) := ∑
t∈N

(−1)t+1 (x−1)t

t
for each x∈ Ω′(1,1). (1.3.3)

Definition 9. Let Ω′
p

−p
p−1

= {x∈Zp : |x|< p
−p
p−1}. Thep-adic exponential is the power series

defined, fromΩ′
p

−p
p−1

into Qp, by

expp(x) := ∑
t∈N

xt

t!
for each x∈ Ω′

p
−p
p−1

. (1.3.4)

It can be checked that

expp(x+y) = expp(x)expp(y)

wheneverx+y∈ Ω′
p

−p
p−1

.

Moreover, expp(x) belongs to 1+ pZp, the domain of logp, with

logp(exppx) = x

for eachx∈ Ω′
p

−p
p−1

.

Similarly, logp(x+1) belongs toΩ′
p

−p
p−1

with

expp(logp(x+1)) = x+1.

1.4 Construction ofK((x))

Let K be any field (possiblyR, C, or Qp) and letK[x] be the ring of polynomials whose
coefficients belong toK. Basically, eachP∈ K[x] can be expressed as:

P(x) =
n

∑
t=0

atx
t ,

whereat ∈ K for t = 1,2, ...,n. In that event, one can writeP(x) = xv(P) .Q(x), where
Q∈ K[x] with Q(0) 6= 0. It is not hard to check that

(1) v(P.Q) = v(P)+v(Q), for all P,Q∈ K[x];
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(2) v(P+Q)≥ min(v(P),v(Q)), for all P,Q∈ K[x].

Settingv(0) = +∞ and using (1)-(2) above, one can easily see thatv is a valuation5 over
the ringK[x]. One can extend such a valuation over the fieldK(x) of rational fractions by

setting: For allf =
P
Q

∈ K(x),

v( f ) = v(P)−v(Q).

Now for 0 < ς < 1, one sets,|P| = ςv(P) for eachP ∈ K[x]. It is not hard to check
that | · | is a non-Archimedean absolute value, which can be extended overK(x). The non-
Archimedean field(K(x),| · |) is not complete; let(K((x)), | · |) denote its completion. The
field (K((x)), | · |) is then called the field of formal Laurent series.

Example 5.In Qp[x] (p ≥ 2 is a prime), letv(L) = −deg(L) if L is a polynomial and let
ς = |p| = p−1. The valuationv can be extended overQp((x)) as above.

Considerf ∈ Qp((x)) defined by

f (x) =
L(x)
M(x)

,

whereL(x) = a0 + a1x+ ...+ anxn andM(x) = b0 + b1x+ ...+ bmxm with ai ,bj ∈ Qp for
i = 0,1, ..,n, j = 0,1, ...,m, andan,bm 6= 0. It is easy to check that

| f | = p−v( f ) =
1

pm−n .

1.5 Bibliographical Notes

This chapter introduces classical results on non-Archimedean valued fields. The uncovered
topics related to non-Archimedean valued fields and related issues can be found in most of
books devoted to non-Archimedean functional analysis, see, e.g., Gouvêa[33], Koblitz[42],
Mahler[50], Ochsenius & Schikhof[56], Robert[60], van Rooij[62], Vladimirov, Volovich
& Zelenov[66], and many others.

Basic tools of Subsection 1.3.3, that is, the convergence of power series were taken in
both Gouvêa[33] and Vladimirov, Volovich & Zelenov[66]. Similarly, basic and advanced
tools on the algebra of analytic functions in the non-Archimedean setting can be found in
those books. Section1.4related to the field of formal Laurent series was taken in Diarra[25].

5 Among possible valuations that can be defined overK[x], one may consider that defined through the degree
of the polynomial, i.e., ifP∈ K[x], one definesv∞(P) = −deg(P).



Chapter 2

Non-Archimedean Banach and Hilbert
Spaces
2.1 Non-Archimedean Banach Spaces

This section introduces non-Archimedean (free) Banach and Hilbert spaces. As for non-
Archimedean valued fields, those Banach and Hilbert spaces play a crucial role in the
composition of this book. For uncovered topics related to those non-Archimedean Ba-
nach spaces, we refer the reader to the excellent book by Rooij[62], which covers all topics
related to those spaces. Moreover, for all questions on non-Archimedean Hilbert spaces,
which are not treated here, we refer to the work of Diarra[24, 25].

Throughout the rest of this section,(K,‖·‖) denotes a complete non-Archimedean field.

2.1.1 Basic Definitions

Definition 10. Let X be a vector space overK. A nonnegative real valued function‖ · ‖ :
X 7→ [0,∞) is called a norm if:

(1) ‖x‖ = 0 if and only ifx = 0;
(2) ‖λx‖ = |λ| ‖x‖ for all λ ∈ K andx∈ X; and
(3) ‖x+y‖ ≤ ‖x‖+‖y‖ for all x,y∈ X.

The norm‖ · ‖ is called non-Archimedean if the statement (3) above can be replaced by
the stronger condition

(4) ‖x+y‖ ≤ max(‖x‖,‖y‖) for all x,y∈ X.

As for the absolute value of a non-Archimedean valued field, (4) above is called non-
Archimedean triangle inequality. A normed vector space(X,‖·‖) satisfying [Definition 10,
(1)-(2)-(4)] is called a non-Archimedean normed vector space1. Moreover, as an immediate
consequence of [Definition 10, (4)], the following holds:

‖x+y‖ = max(‖x‖,‖y‖) whenever‖x‖ 6= ‖y‖.

More generally,

1 A non-Archimedean normed vector space(X,‖ · ‖) is also called ultrametric normed vector space.
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Proposition 10.Let (X,‖ · ‖) be a non-Archimedean normed vector space overK. If
x1, ...xt ∈ X such that‖xs‖ 6= ‖xr‖ for all s 6= r, then

‖x1 +x2 + ...+xt‖ = max
1≤s≤t

‖xs‖.

Proposition 11.Let (X,‖ · ‖) be a non-Archimedean normed vector space overK. Then2

‖x+y‖2 +‖x−y‖2 ≤ 2max(‖x‖2,‖y‖2) x,y∈ X, (2.1.1)

for all x,y∈ X, with equality whenever‖x‖ 6= ‖y‖.

Definition 11. A non-Archimedean Banach space is a non-Archimedean normed vector
space, which is complete.

2.1.2 Examples of Non-Archimedean Banach Spaces

Example 6.Let (ωt)t∈I ⊂ R+ −{0} be a family of nonzero real numbers3. Define the
K-vector spaceB∞(I ,K,ω) by

B∞(I ,K,ω) := {x = (xt)t∈I ∈ KI : sup
t∈I

|xt |ωt < ∞}.

The spaceB∞(I ,K,ω) is equipped with the sup norm defined by

‖x‖ := sup
t∈I

|xt |ωt .

It is not hard to see that(B∞(I ,K,ω),‖ · ‖) is a non-Archimedean Banach space.

Example 7.Let c0(I ,K,ω) ⊂ (B∞(I ,K,ω) be the subspace defined by

c0(I ,K,ω) := {x = (xt)t∈I ∈ KI : lim
t∈I

|xt |ωt = 0}.

Clearly(c0(I ,K,ω),‖ ·‖) is a closed subspace of(B∞(I ,K,ω),‖ ·‖), and hence is also a
non-Archimedean Banach space.

Example 8.Let M be a compact (topological) space. Define the space of all continuous
functions which go fromM into K by

C(M,K) := {u : M 7→ K, u is continuous}.

We then equipC(M,K) with the sup norm:‖u‖∞ := sup
t∈M

|u(t)|.

Theorem 2.The normed vector space(C(M,K),‖ · ‖∞) defined above is a non-
Archimedean Banach space.

2 Such an inequality is known as the non-Archimedean Parallelogram Law in a normed vector space.
3 I is the index set. It is customary to takeI = N. However the treatment of those non-Archimedean Banach

space in the general case can be found in Diarra[24, 25].
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2.2 Free Banach Spaces

2.2.1 Definitions

Definition 12. A non-Archimedean Banach space(X,‖ · ‖) overK is said to be afreeBa-
nach space if there exists a family(et)t∈I of elements ofX such that each elementx∈X can
be written in a unique fashion as a pointwise convergent series defined by

x = ∑
t∈I

xtet with lim
t∈I

xtet = 0,

and‖x‖ = sup
t∈I

|xt | ‖et‖. The family (et)t∈I is then called anorthogonal basefor X. If

‖et‖ = 1, for all t ∈ I , then(et)t∈I is called anorthonormal basefor X.

2.2.2 Examples

Example 9.In Example8, takeM = Zp andK = (Qp, | · |) wherep≥ 2 is a prime number.
Then the resulting space(C(Zp,Qp),‖ · ‖∞) is a free Banach space. Indeed, consider the
sequence of functions defined by:

ft(x) =
x(x−1)(x−2)(x−3)....(x− t +1)

t!
, t ≥ 1,

f0(x) = 1.

It is well-known [46] that the family( ft)t∈N is an orthonormal base, i.e.,‖ ft‖∞ = 1.
Moreover, for eachu ∈ C(Zp,Qp) has a unique uniformly convergent decomposition de-
fined by

u(x) =
∞

∑
t=0

ct ft(x), ct ∈ Qp

with |ct | 7→ 0 ast 7→ ∞ and‖u‖∞ = sup
t∈N

|ct |.

Let (X,‖ · ‖) be a free Banach space overK. If X∗ denotes the (topological) dual ofE,
then the following spaces are isomorphic:

X ' c0(I ,K,(‖et‖t∈I )), and X∗ ' B∞(I ,K,(
1

‖et‖
)t∈I ).

Example 10.The spacec0(I ,K,ω) given in Example 7 is a free Banach space (see details
in the next subsection).

Example 11.Let (K, | · |) be a complete non-Archimedean field. Then thet-vector spaceKt

previously defined is a free Banach.
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Remark 1.Let (et )t∈I be an orthogonal base for the free Banach space(X,‖ · ‖). Define
e′t ∈ X∗ (topological dual ofX) by:

x = ∑
t∈I

xtet , e′t(x) = xt .

It turns out that‖e′t‖ =
1

‖et‖
. Furthermore, eachx′ ∈X∗ can be expressed as a pointwise

convergent series defined by
x′ = ∑

t∈I

〈x′,et〉e′t , and

‖x′‖ = sup
t∈I

|〈x′,et〉|
‖et‖

.

2.3 Non-Archimedean Hilbert Spaces

2.3.1 Introduction

This section is devoted to the so-called non-Archimedean Hilbert spacesEω. They play
a key role throughout the book. Among other things, we will see that the norm‖ · ‖ of
a non-Archimedean Hilbert spaceEω does not stem from its corresponding inner product
〈·, ·〉. Moreover, it may happen that|〈x,x〉| < ‖x‖2 for somex∈ Eω. In addition to thatEω

contains isotropic vectorsx 6= 0, that is,〈x,x〉 = 0. For more on these spaces and related
issues we refer the reader to[4], [24], and[25].

2.3.2 Non-Archimedean Hilbert Spaces

Let ω = (ωt)t∈N ⊂ K be a sequence of non-zero elements and define the spaceEω =
c0(N,K,ω), that is,

Eω := {x = (xt)t∈N, ∀t, xt ∈ K and lim
t→∞

|xt ||ωt |1/2 = 0}.

It can be easily shown thatx = (xt)t∈N ∈ Eω if and only if

lim
t→∞

x2
t ωt = 0.

Moreover,Eω is a non-Archimedean Banach space overK when it is endowed with the
norm

x = (xt)t∈N ∈ Eω, ‖x‖ = sup
t∈N

|xt ||ωt |1/2. (2.3.1)

It is also clear thatEω is a free Banach space and has acanonical orthogonal base,
namely,(et)t∈N, whereet is the sequence whose terms are 0 except thet-th term, which
is 1, in other words,et = (δts)s∈N, whereδts is the Kronecker symbol. We shall make
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extensive use of this canonical orthogonal base throughout the rest of this book. For each
t, ‖et‖ = |ωt |1/2. If |ωt | = 1, we shall refer to(et)t∈N as the canonical orthonormal base of
Eω.

Let 〈·, ·〉 : Eω×Eω → K be the linear form defined for allu,v ∈ Eω, u = (ut)t∈N, v =
(vt)t∈N, by

〈u,v〉 := ∑
t∈N

ωtutvt . (2.3.2)

Clearly,〈·, ·〉 is a symmetric, bilinear, and non-degenerate linear form onEω and satisfies
the Cauchy-Schwarz’s inequality:

∀u,v∈ Eω, |〈u,v〉| ≤ ‖u‖ . ‖v‖. (2.3.3)

Remark 2.TheK-form 〈·, ·〉 defined in (2.3.2) is called non-Archimedean inner product.

On the canonical orthogonal base, the following holds:

〈et ,es〉 = ωtδts =





0 if t 6= s

ωt if t = s.

Definition 13. The space(Eω,‖·‖,〈·, ·〉), where‖·‖, 〈·, ·〉 are respectively the norm defined
in (2.3.1) and the inner product in (2.3.2), is called a non-Archimedean Hilbert space.

Proposition 12.Let ω = (ωt)t∈N ⊂ K be a sequence of nonzero terms and letEω be the
corresponding non-Archimedean space. If(et)t∈N denotes the canonical orthogonal base

of Eω, then, for all x∈ Eω,
∣∣∣∣∣

∞

∑
t=0

(< x,et >)2

ωt

∣∣∣∣∣≤ ‖x‖2 . (2.3.4)

Proof. Observe that
(< x,et >)2

ωt
=

ω2
t x2

t

ωt
= ωt x

2
t . Moreover, lim

t→∞
|ωt x

2
t | = 0, by x =

∑
t∈N

xtet ∈ Eω (lim
t→∞

|ωt |1/2 . |xt | = 0). Hence, the series
∞

∑
t=0

(< x,et >)2

ωt
converges.

Now
∣∣∣∣∣

∞

∑
t=0

(< x,et >)2

ωt

∣∣∣∣∣ =
∣∣∣∣∣

∞

∑
t=0

ωt x
2
t

∣∣∣∣∣
≤ sup

t≥0
|ωt ||xt |2

= sup
t≥0

(|ωt |1/2|xt |)2

= ( sup
t≥0

|ωt |1/2|xt | )2

= ‖x‖2.
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Consequently,

Corollary 1. If ω= (ωt)t∈N ⊂K whereωt = 1K for each t∈N and ifEω is the correspond-
ing non-Archimedean space, then, for all x∈ Eω,

∣∣∣∣∣
∞

∑
t=0

(< x,et >)2

∣∣∣∣∣≤ ‖x‖2.

Another example of non-Archimedean Hilbert space consists of consideringC(Zp,Qp)
as in Example 9 and put the inner product (symmetric, bilinear, non degenerate form) is

defined as follows: for allu =
∞

∑
t=0

ut ft , andv =
∞

∑
t=0

vt ft in C(Z,Qp),

〈u,v〉 :=
∞

∑
t=0

utvt .

It is clear that the inner product〈·, ·〉 given above is well-defined as bothut andvt 7→ 0 in
Qp ast → ∞, and the Cauchy-Schwartz inequality holds

|〈u,v〉| ≤ ‖u‖∞ .‖v‖∞.

In view of the above, it easily follows that〈 ft , fs〉 = δts whereδts are the classical Kro-
necker symbols.

The triplet(C(Zp,Qp),‖ · ‖∞,〈·, ·〉) will be called ap-adic or non-archimedean Hilbert
space. One must point out that the norm onC(Zp,Qp) does not stem from its corresponding
inner product.

2.3.3 The Hilbert SpaceEω1 ×Eω2 × ...×Eωt

Let (K, | · |) be a complete non-Archimedean field with characteristicchar(K) zero. Exam-
ples of such fields includeQp (p≥ 2 being prime) the field ofp-adic numbers.

Let ωτ = (ωτ
s)s∈N with τ = 1,2, ...,t be (t being fixed)t sequences of nonzero terms in

K. For eachτ (τ = 1,2, ...t) we consider the corresponding non-Archimedean Hilbert space
Eωτ equipped with its usual topologies (see (2.3.1)-(2.3.2)).

Let Et denote the direct sumEω1×Eω2× ...×Eωt of Eω1, Eω2, ..., andEωt , respectively.
We now equip the vector spaceEt with the non-Archimedean norm defined by

||(u1, ...,ut )||n := max(‖u1‖, ...,‖ut‖), (2.3.5)

for all (u1, ...,ut) ∈ Et .
Arguing that each(Eωτ ,‖.‖) for τ = 1,2, ...t is a non-Archimedean Banach space it

follows that(Et , || · ||t) is also a non-Archimedean Banach space. It also clear thatEt (t
fixed) is a free Banach space with orthogonal base:{(F τ

s )s∈N, τ = 1,2, ...,t} whereF τ
s =

(0,0, ...eτ
s︸ ︷︷ ︸, ..0,0,0) whose terms are 0 except thes-th term, which iseτ

s ((eτ
s)s∈N being the
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canonical orthogonal base ofEωτ for τ = 1,2, ..,t). One can easily check that‖F τ
s ‖t =

‖eτ
s‖ = |ωτ

s|1/2 for all s∈ N and for eachτ = 1,2, ...,t. We confer to{(F τ
s )s∈N, τ =

1,2, ...,t} as the canonical orthogonal base forEt .
Let 〈·, ·〉t : Et ×Et 7→ K be theK-bilinear form defined by

〈(u1, ...,ut ),(v1, ...,vt )〉t :=
t

∑
τ=1

〈uτ ,vτ〉, (2.3.6)

for all (u1, ...,ut ),(v1, ...,vt ) ∈ Et where 〈·, ·〉 is the inner product of eachEωτ for τ =
1,2, ...,t. Then,〈·, ·〉t is a symmetric, non-degenerate form onEt ×Et .

Definition 14. The spaceEt := Eω1 ×Eω2 × ... ×Eωt endowed with the norm given in
(2.3.5) and theK-bilinear form〈·, ·〉t given in (2.3.6) is called a non-Archimedean Hilbert
space.

Proposition 13.For every (u1, ...,ut),(v1, ...,vt ) ∈ Et , the Cauchy-Schwarz inequality
holds, that is,

|〈(u1, ...,ut ),(v1, ...,vt )〉t | ≤ ||(u1, ...,ut)||n . ||(v1, ...,vt )||t .

Proof. Supposet = 2. For all(u,v), (x,y) ∈ Eω1 ×Eω2,

|〈(u,v),(x,y)〉2| = |〈u,x〉+ 〈v,y〉|
≤ max(|〈u,x〉|, |〈v,y〉|)
≤ max(‖u‖ ‖x‖,‖v‖ ‖y‖)
≤ max(||(u,v)||2 ‖x‖, ||(u,v)||2 ‖y‖)
≤ max(||(u,v)||2 ||(x,y)||2, ||(u,v)||2 ||(x,y)||2)
= ||(u,v)||2 ||(x,y)||2.

Whent ≥ 3, one follows the same lines as above.

If M ⊂ Eω×Eω is a subspace, then its orthogonal complementM⊥ with respect the
K-bilinear form〈·, ·〉2 is defined by

M⊥ := {(u,v) ∈ Eω×Eω : 〈(u,v),(x,y)〉2 = 0, ∀(x,y) ∈ M}.

One can easily check thatM⊥ is closed. This is actually a consequence of the continuity
of the bilinear form defined byΦ(x,y) : Eω×Eω 7→ K and

Φ(x,y)(u,v) = 〈(u,v),(x,y)〉2, ∀(u,v) ∈ Eω×Eω,

where(x,y) ∈ Eω×Eω is fixed.
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2.4 Bibliographical Notes

This chapter is entirely devoted to non-Archimedean Banach spaces, free Banach spaces,
and non-Archimedean Hilbert spaces. Algebraic properties of those spaces can be found
in Ochsenius & Schikhof[56], and van Rooij[62]. For more on free Banach spaces and
non-Archimedean Hilbert spaces, we refer the reader to Diagana[17], especially Diarra
[24, 25], and Khrennikov[37]. Details on the Banach spaceC(Zp,Qp) can be found in
Kochubei[46]. Subsection2.3.3was taken in Diagana[17].



Chapter 3

Non-Archimedean Bounded Linear
Operators
3.1 Introduction

This chapter studies the class of bounded linear operators on non-Archimedean (free) Ba-
nach and Hilbert spaces. Section 3.2 examines bounded linear operators on an arbitrary
non-Archimedean Banach space while Section 3.3 considers those operators onEω, in par-
ticular, the existence of an adjoint operator for a given bounded linear operator is screened.
Section 3.4 presents some recent results on perturbation of bases ofEω obtained by Dia-
gana & Ramaroson in[12]. Section 3.5 is concerned with non-Archimedean analogues of
the classicalHilbert-Schmidtoperators as well as their properties (Diagana et al.[4]). Some
of the results go along the classical line and others deviate from it. For the most part, the
statements of the results are inspired by their classical counterparts, however, their proofs
may depend heavily on the non-Archimedean nature ofEω and the ground fieldK. Among
other things, the definition of a Hilbert-Schmidt operator in the non-archimedean context
depends on the base; further, Hilbert-Schmidt operator has an adjoint, which is again a
Hilbert-Schmidt operator and that both have the same Hilbert-Schmidt norm.B2(Eω), the
collection of all Hilbert-Schmidt operators onEω is a two-sided ideal in the ringB0(Eω) of
all bounded operators, which have adjoint. In addition to that it will be shown that every
Hilbert-Schmidt operator iscompletely continuousin the sense that it is a limit, inB(Eω), of
a sequence of operators of finite ranks. As in the classical setting, a natural inner product is
considered for Hilbert-Schmidt operators and we show that it satisfies the Cauchy-Schwarz
inequality. We define the trace of an operator. As in the classical context, the trace may
or may not exist. It is then shown that a Hilbert-Schmidt operator has a trace. We next
illustrate those abstract results with several examples at the end of Section 3.5.

3.2 Bounded Linear Operators on Non-Archimedean Banach Spaces

Throughout this section, unless otherwise,(K, | · |) denotes a complete non-Archimedean
field.
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3.2.1 Basic Definitions

Let (X,‖ · ‖X) and(Y,‖ · ‖Y) be non-Archimedean Banach spaces overK, respectively. A
linear operatorA : (X,‖ · ‖X) 7→ (Y,‖ · ‖Y) is a transformation, which maps linearlyX into
Y.

Definition 15. A linear operatorA : X 7→ Y is said to be bounded if there existsK ≥ 0 such
that‖Au‖Y ≤ K . ‖u‖X for eachu∈ X.

The collection of bounded linear operators fromX into Y is denotedB(X,Y). When
X = Y, this is simply denotedB(X).

Remark 3.If A : X 7→ Y is a bounded linear operator, then its norm‖A‖ is defined by

‖A‖ := sup
u6=0

(
‖Au‖Y
‖u‖X

)
. (3.2.1)

Clearly, 0∈ B(X,Y) with ‖0‖= 0. Furthermore, ifA,B∈ B(X,Y) and if λ ∈ K, then
A+B, λB, AB belong toB(X,Y), and the following hold:

(1) ‖A+B‖ ≤ ‖A‖+‖B‖;
(2) ‖λB‖ = |λ| .‖B‖;
(3) ‖AB‖ ≤ ‖A‖.‖B‖.

Consequently,(B(X,Y),‖ · ‖) is a normed vector space.

Lemma 1.The space(B(X,Y),‖ · ‖) of bounded linear operators is non-Archimedean
normed vector space.

Proof. Let A,B∈ (B(X,Y),‖ ·‖). We want to show that the operator norm‖ ·‖ satisfies the
non-Archimedean inequality. Indeed,

‖A+B‖ = sup
u6=0

(
‖Au+Bu‖Y

‖u‖X

)

≤ sup
u6=0

max

(
‖Au‖Y
‖u‖X

,
‖Bu‖Y
‖u‖X

)

= max

(
sup
u6=0

‖Au‖Y
‖u‖X

,sup
u6=0

‖Au‖Y
‖u‖X

)

= max(‖A‖,‖B‖) .

Theorem 3.If (X,‖.‖X), (Y,‖.‖Y) are non-Archimedean Banach space overK, then

(B(X,Y), || · ||) is a non-Archimedean Banach space.

The proof of Theorem 3 is similar to that of the classical setting. However, for the sake
of clarity, we will provide the reader with it.
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Proof. In view of the previous facts and Lemma 1, it remains to prove that(B(X,Y),‖ · ‖)
is complete. Let(At)t∈N ∈ B(X,Y) be a Cauchy sequence. Therefore, for each∀ε > 0 there
existst0(ε) ∈ N such that

‖As−At‖ ≤ ε

whenevers, t ≥ t0(ε).
Consequently, for eachx∈X, (Atx)t∈N is a Cauchy sequence inY. SinceY is complete,

(Atx)t∈N converges strongly inY ast → ∞. DefineA : X 7→ Y by setting

Ax := lim
t→∞

Atx in Y.

(1) Linearity of A: If λ,µ∈ K, ∀t ∈ N, thenAt(λx+µy) = λAtx+µAty, for all x,y∈ X.
Thus, whent goes to∞, it follows thatA(λx+µy) = λAx+µAy, for all x,y∈ X.

(2) Boundedness ofA: Fist of all, note that‖Ax‖Y = lim
t→∞

‖Atx‖Y. Next,|‖At‖−‖As‖| ≤
‖At −As‖ ≤ ε whenevers≥ t ≥ t0(ε), and hence(‖At‖)t∈N is a Cauchy sequence inR.
Clearly, (‖At‖)t∈N converges, and hence is bounded, i.e., there existsM ≥ 0 such that
‖At‖ ≤ M for eacht ∈ N. Now ‖Atx‖Y ≤ M .‖x‖ for all t ∈ N and x ∈ X, and hence
‖Ax‖Y ≤ M .‖x‖ for all x∈ X, consequently,A is bounded.

To complete the proof we have to show that‖At −A‖ 7→ 0 ast → ∞. In view of the
above, for eachx∈ X,

‖Atx−Asx‖Y ≤ ‖At −As‖ ‖x‖X,

and hence

‖Atx−Asx‖Y ≤ ε‖x‖X (3.2.2)

whenevers≥ t ≥ t0(ε). Lettings→ ∞ in (3.2.2) it follows that

‖Atx−Ax‖Y ≤ ε‖x‖X

whenevern≥ t0(ε), that is,‖At −A‖→ 0 ast → ∞.

3.2.2 Examples

Example 12.Let K = Qp equipped with thep-adic absolute value and suppose thatX =
Y = C(Zp,Qp), is the non-Archimedean Banach space appearing in Example 9 equipped
with its corresponding sup norm. Define

Mγ : C(Zp,Qp) 7→C(Zp,Qp), Mγφ := γ(x)φ, (3.2.3)

whereγ∈C(Zp,Qp).
In view of the above,‖Mγφ‖∞ ≤ K . ‖φ‖∞, for eachφ∈ C(Zp,Qp), whereK = ‖γ‖∞.

Consequently,Mγ is a bounded linear operator onC(Zp,Qp). Note thatMγ is commonly
calledmultiplicationoperator with potentialγ.
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Example 13.Let (K, | · |) be an arbitrary (complete) non-Archimedean field and letX = Y =
Kt , equipped with its natural topology (see Chapter 1). LetM = (ars)r,s=1,..,t be thet × t

square matrix, i.e.,

Mer =
t

∑
s=1

asres.

One can easily see thatM is a bounded linear operator with norm

‖M‖ = max
1≤r,s≤t

|ars|.

3.2.3 The Banach AlgebraB(X)

A vector space(Y,+) over K is called analgebra if for eachx,y ∈ Y, a unique product
x∗y∈ Y can be defined such that

(1) (x∗y)∗z= x∗ (y∗z);
(2) x∗ (y+z) =x∗y+x∗z;
(3) (x+y)∗z= x∗z+y∗z;
(4) λ(x∗y) = (λx)∗y = x∗ (λy);

for all x,y,z∈ Y andλ ∈ K.
An algebra(Y,+,∗) with norm‖·‖ such that‖x∗y‖ ≤ ‖x‖.‖y‖ for all x,y∈Y, is called

anormed algebra.
A normed algebra(Y,+,∗,‖ · ‖) is called aBanach algebraif it is complete for‖ · ‖.

Moreover, a Banach algebra(Y,+,∗,‖ · ‖) is called a Banach algebra with unity whether it
contains an elementewith ‖e‖= 1 such thate∗x = x∗e= x for eachx∈ Y.

In view of the above, it is clear that(B(X),+,◦,‖ · ‖), the collection of all bounded
linear operators onX equipped with◦, the composition operator, is a Banach algebra with
unity.

3.2.4 Further Properties of Bounded Linear Operators

Let (X,‖ ·‖X), (Y,‖ ·‖Y) be non-Archimedean Banach spaces overK. If A∈ B(X,Y), then
its kernelN(A) and rangeR(A) are respectively defined by

N(A) = {x∈ X : Ax= 0}, and

R(A) = {Ax∈ Y : x∈ X}.

Note that bothN(A)⊂ X andR(A)⊂ Y are (vector) subspaces. Furthermore,R(A)may
or may not be closed whileN(A) is always closed.

Definition 16. If A∈ B(X,Y), then

(1) A is said to be one-to-one ifN(A) = {0};
(2) A is said to be onto ifR(A) = Y;
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(3) A is said to be invertible if it is both one-to-one and onto.

If A is invertible, then there exists a unique bounded linear operator denotedA−1 : Y 7→X
called the inverse ofA such that

A−1A = IX, and AA−1 = IY,

whereIX and IY are the identity operators onX andY, respectively. WhenX = Y, the
identity operator is denoted byI .

Lemma 2.Let (X,‖ · ‖X) is a non-Archimedean Banach space overK and let A∈ B(X). If
‖A‖ < 1, then I−A is invertible, and

(I −A)−1 = ∑
t≥0

At (3.2.4)

with ‖I −A‖ ≤ 1.

Proof. First of all, let us check that the series∑
t≥0

At is well defined. This is actually equiva-

lent to the convergence ofAt to zero inB(X), ast → ∞. Clearly,‖At‖ ≤ ‖At−1‖‖A‖ ≤ ‖A‖t

for eacht ∈ N, and hence‖A‖t → 0 ast → ∞, by ‖A‖< 1. In view of the above, the series

∑
t≥0

At is absolutely convergent. Denote its sum byS:= ∑
t≥0

At . Clearly,S∈ B(X). Indeed,

‖S‖ = ‖ lim
t→∞

t

∑
s=0

As‖

≤ lim
t→∞

‖
t

∑
s=0

As‖

≤ lim
t→∞

max(1,‖A‖,‖A2‖, ....,‖At‖)

≤ lim
t→∞

max(1,‖A‖, ....,‖A‖t )

= 1.

Moreover,

(I −A)S= (I −A) lim
t→∞

t

∑
s=0

As = lim
t→∞

(I −At+1) = I .

Similarly, it can be easily shown thatR(I −A) = X, and henceS= (I −A)−1 ∈ B(X)
with ‖(I −A)−1‖ ≤ 1.

Let (X,‖ · ‖) be a non-Archimedean Banach space overK and letA∈ B(X). Theresol-

ventset ofA is the set of allλ ∈ K such that the operatorA− λI has an inverse operator
(A− λI )−1 ∈ B(X). Thespectrumσ(A) of A is the set of allλ ∈ K such thatA− λI is not
invertible, that is,σ(A) =K−ρ(A).
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Example 14.Let X = C(Zp,Qp) equipped with the sup norm. Consider the multiplication
operator given in Example 13 (withγ(x) = x) defined by

M : C(Zp,Qp) 7→C(Zp,Qp), Mφ(x) := x.φ(x).

It is not hard to check that both the spectrum and the resolvent set ofM are respectively
given by

σ(M) = Zp, and ρ(M) = Qp−Zp.

A scalarλ ∈ K is calledeigenvalueof an operatorA∈ B(X) if there exists 06= u ∈ X
such thatAu= λu. In this event,u is called aneigenvectorassociated with the eigenvalue
λ. The set of all eigenvalues is called thepoint spectrum and denoted byσP(A). As in the
classical setting, the following holds:

Proposition 14.Let A∈ B(X). ThenσP(A) ⊂ σ(A).

Proof. Let λ ∈ σP(A) and let 06= u∈X be an eigenvector associated withλ. Clearly,A−λI
is not one-to-one, by(A−λI )u = 0 and(A−λI )0= 0 with u 6= 0, and henceλ ∈ σ(A).

Example 15.Let p be an odd prime. Let us equipQp×Qp with the non-Archimedean norm
given by‖(x,y)‖ = max(|x|,|y|) for all x,y∈ Qp. Consider the 2×2 square matrix defined
by

T =

(
a b
b a

)
, a,b∈ Qp−{0}.

One can easily check that:

(2) σ(T) = σP(T) = {a−b,a+b};
(3) ρ(T) = Qp−{a−b,a+b};
(3) ‖T‖ = max(|a−b|, |a+b|) = max(|a|, |b|).

We will retrieve the matrixT in Chapter 6 through a study of its functions.

Let A∈ B(X). Define the resolventRA
λ for eachλ ∈ ρ(A) by

RA
λ = (A−λI)−1.

By definition of an elementλ ∈ ρ(A),

RA
λ = (A−λI )−1 ∈ B(X).

As in the classical setting, the so-called resolvent equation holds in the non-
Archimedean context:

Proposition 15.Let A∈ B(X). Then the resolvent equation holds, that is,

RA
λ −RA

µ = (λ−µ) .RA
λRA

µ

for all λ,µ∈ ρ(A).

Proof. Write
RA

λ −RA
µ = RA

λ [(A−µI)− (A−λI )]RA
µ = (λ−µ)RA

λ RA
µ.
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3.3 Bounded Linear Operators on Hilbert SpacesEω

3.3.1 Introduction

This section examines bounded linear operators onEω. Our first task consist of studying
the decomposition of those operators as (non-Archimedean) infinite matrices. The second
task, consists of taking a closer look into the crucial issue of the existence or not of the
adjoint with respect to the non-Archimedean inner product given in (2.3.2).

3.3.2 Representation of Bounded Operators By Infinite Matrices

This subsection is mainly concerned with the decomposition of bounded linear operators in
terms of infinite matrices.

For a Banach space(E,‖·‖), let (E∗,‖·‖∗) be its (topological) dual. For(u,v) ∈E×E∗,
define the linear operator(v⊗u) by

∀x∈ E, (v⊗u)(x) := v(x)u= 〈v,x〉u.

More generally, letE andF be free Banach spaces over the same fieldK with canonical
orthogonal bases(et)t∈I and( ft)t∈J, respectively (I ,J being arbitrary index sets). Now if
f ′ ∈ E∗ (dual ofE), then one defines the linear functionalf ′ ⊗g : E 7→ F by setting:

( f ′ ⊗g)(h) := 〈 f ′,h〉g with‖ f ′ ⊗g‖ = ‖ f ′‖‖g‖.

In particular if(e′t)t∈I is the dual canonical orthogonal base forE∗ it can be easily seen that
(e′t ⊗ fs)(t,s)∈I×J ∈ B(E,F), moreover

‖e′t ⊗ fs‖ =
‖ fs‖
‖et‖

.

Clearly, if A∈ B(E,F), then it can be decomposed through the base( ft)t∈J as follows:
For all t ∈ I ,

Aet = ∑
s∈J

ast fs with lim
s∈J

|ast|‖ fs‖ = 0, ∀t ∈ I .

Consequently,A = ∑
ts

atse
′
t ⊗ fs. Furthermore, from the definition of the norm ofA, i.e.,

‖A‖ := sup
x6=0

‖Ax‖
‖x‖ it follows that

‖A‖ = sup
t

‖Aet‖
‖et‖

= sup
t

sup
s

|ast|‖ fs‖
‖et‖

.

The previous discussion can be formulated by:
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Proposition 16.If A ∈ B(E,F), then it can be written in a unique fashion as a pointwise
convergent series

A = ∑
ts

atse
′
t ⊗ fs, t ∈ I , lim

s
|ats|‖ fs‖ = 0. (3.3.1)

Moreover,‖A‖ = sup
t

sup
s

|ast|‖ fs‖
‖et‖

.

Example 16.Suppose thatE = F and letA = ∑
ts

atse
′
t ⊗es, whereats = λ ∈ K−{0} for all

(t,s) ∈ I × J. If ‖et‖ = α > 0 for all t, thenA is a bounded linear operator. Moreover,
‖A‖ = |λ|.

If (E,‖ · ‖) is a free Banach, then for every linear operatorA on E, the domainD(A) of
A is defined by

D(A) := {x = (xt) ∈ E : lim
t
|xt |‖Aet‖ = 0}. (3.3.2)

In fact, if A is a bounded linear operator, thenD(A) = E. Indeed, for eachx = ∑
t

xtet in

E,

|xt |‖Aet‖ ≤ ‖A‖|xt |‖et‖ = ‖A‖|xt ||ωt‖1/2.

Note that there are linear operators onE such thatD(A) 6= E. Those operators are called
unbounded linear operators and will be studied in Chapter 3.

Throughout the next subsection, we suppose thatE = F = Eω, I = J = N, and study the
existence of the adjoint of a bounded linear operator onEω.

3.3.3 Existence of the Adjoint

In contrast with the classical operator theory, we will see that there exist bounded linear
operators onEω, which do not have adjoint with respect to the non-Archimedean inner
product given in (2.3.2). Therefore, a necessary and sufficient condition, which ensures the
existence of the adjoint will be given. For more on the present setting we refer the reader
to [4], [24], and[25].

Let ω= (ωt)t∈N ⊂K be a sequence of nonzero elements and letEω be its corresponding
non-Archimedean Hilbert space. LetA,B be bounded linear operators onEω. As we have
previously seen, bothA andB can be decomposed as follows:

A = ∑
t,s∈N

atse
′
s⊗et , ∀s∈ N, lim

t→∞
|ats||ωt |1/2 = 0,

and
B = ∑

t,s∈N
bts e′s⊗et , ∀s∈ N, lim

t→∞
|bts||ωt |1/2 = 0.
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Definition 17. The linear operatorB given above is called the adjoint ofA if and only if,
〈Aφ,ψ〉 = 〈φ,Bψ〉, for all φ,ψ ∈ Eω, where〈·, ·〉 is the inner product ofEω given in (2.3.2).

Remark 4.(1) If the adjoint of an operator exists, then it is unique. The uniqueness of
the adjoint is actually guaranteed by the fact that the inner product〈·, ·〉 in (2.3.2) is
non-degenerate.

(2) It is sufficient to define the adjoint ofA using the canonical basis(et)t∈N for Eω. Thus
B is an adjoint forA if and only if:

〈Aet ,es〉 = 〈et ,Bes〉, ∀t,s∈ N. (3.3.3)

(3) The equation (3.3.3) is equivalent to:bts = w−1
t wsast for all t,s∈ N. Moreover, since

lim
t→∞

|bts||ωt |1/2 = 0, ∀s∈ N, the operatorA has an adjoint if and only if

lim
s→∞

(
|ats|

|ωs|1/2

)
= 0, ∀t ∈ N. (3.3.4)

(4) The adjoint of an operatorA is denoted byA∗.

Theorem 4.Let A be the bounded linear operator given above. Then A has an adjoint
A∗ ∈ B(Eω) if and only (3.3.4) holds. Under (3.3.4), the adjoint A∗ of A can be uniquely
expressed by

A∗ = ∑
(t,s)∈N×N

w−1
t ωs ast e′s⊗et . (3.3.5)

Proof. Write A∗ = ∑
t∈N

∑
s∈N

bst
(
e′t ⊗es

)
, thenA∗ is the adjoint ofA if and only if 〈Aes,et〉 =

〈es,A∗et〉. In other terms:
〈

∑
k∈N

aksek,et

〉
= atsωt =

〈
es, ∑

k∈N
bktek

〉
= bstωs, ∀s, t ∈ N.

This is equivalent tobst = ω−1
s ωtats for all s, t ∈ N. Moreover, for allt,

lim
s→∞

|bst| |ωs|1/2 = 0.

This is equivalent to lim
t→∞

|ast|
|ωt |1/2

= 0, for all s∈ N.

The collection of all bounded linear operators onEω whose adjoint do exist with respect
to the non-Archimedean inner product〈·, ·〉 given in (2.3.2), is denoted byB0(Eω). Namely,

B0(Eω) := { ∑
t,s∈N

ats e′s⊗et ∈ B(Eω) : lim
s→∞

|ats|
|ωs|1/2

= 0, ∀t ∈ N}.
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Remark 5.Note thatB0(Eω) is stable under the operation of taking an adjoint. Namely, for
all A,B∈ B0(Eω) andλ ∈ K, the following hold:

(1) (A+B)∗ = A∗ +B∗;
(2) (AB)∗ = B∗A∗;
(3) (λA)∗ = λA∗;
(4) (A∗)∗ = A;
(5) ‖A‖= ‖A∗‖.

3.3.4 Examples of Bounded Operators with no Adjoint

Example 17.Let K = (Qp, | · |). Suppose thatωt = 1+ p1+t for eacht ∈N. Define the linear
operatorA : Eω 7→ Eω by:

A = ∑
t,s

ats(e′s⊗et),

whereats = p1+t for all t,s∈ N.

Proposition 17.The operator A defined above is bounded and does not have an adjoint.

Proof.The operatorA = ∑
t,s

p1+t (e′s⊗ et) is well-defined. Indeed,∀s, lim
t→∞

|ats| . |ωt |1/2 =

lim
t→∞

p−(1+t) = 0. Furthermore,

‖A‖ = sup
t,s∈N

|ats| . |ωt |1/2

|ωs|1/2
= sup

t,s∈N
p−(1+t) =

1
p

< ∞.

It remains to prove that∀t, lim
s→∞

|ats|
|ωs|1/2

6= 0. Indeed,

∀t, lim
s→∞

|ats|
|ωs|1/2

= lim
s→∞

p−(1+t) = p−(1+t) 6= 0,

henceA does not have an adjoint.

Example 17 is a particular case of the next example.

Example 18.Let (K, | · |) be a non-Archimedean valued field. Suppose that|ωt |= 1 for each
t ∈ N. Define the linear operatorA : Eω 7→ Eω by: A = ∑

t,s
ats (e′s⊗et), whereats = ϑt for

all t,s∈ N with |ϑt | 6= 0 for eacht ∈ N and lim
t→∞

|ϑt | = 0.

Proposition 18.The operator A defined above is bounded and does not have an adjoint.

Proof.The proof is similar to that of Proposition 17, and therefore left to the reader.
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3.4 Perturbation of Bases

Let an orthogonal base(hs)s∈N be given and consider a sequence of vectors( fs)s∈N , not
necessarily an orthogonal base, inEω such that the differencefs−hs is small in a certain
sense. We study some sufficient conditions under which the family( fs)s∈N is a base ofEω.

Theorem 5.Let (hs)s∈N be an orthogonal base and let( fs)s∈N be a sequence of vectors
in Eω satisfying the following condition: There existsα ∈ (0,1) such that for every x=

∑
s∈N

xshs ∈ Eω,

sup
s∈N

|xs| ‖ fs−hs‖ ≤ α . sup
s∈N

|xs|‖hs‖ = α . ‖x‖.

Then ( fs)s∈N is an orthogonal base. Moreover, for any y= ∑
s∈N

ys fs ∈ Eω, ‖y‖ =

sup
s∈N

(|ys| .‖ fs‖) .

Proof. We first observe that, ifx= hs, then, the condition implies that for eachs,‖ fs−hs‖≤
α ‖hs‖ < ‖hs‖, hence‖ fs‖ = ‖hs‖.

Next, for anyx = ∑
s∈N

xshs ∈ Eω, |xs|‖ fs‖ = |xs| ‖hs‖, that is, lim
s→∞

(|xs| .‖ fs‖) = 0. There-

fore, the operator defined by
Ax= ∑

s∈N
xs fs

is well-defined and satisfiesAhs = fs. Moreover

‖x−Ax‖ =

∥∥∥∥∥∑s∈N
xs(hs− fs)

∥∥∥∥∥
≤ sup

s∈N
(|xs| .‖hs− fs‖)

≤ α . sup
s∈N

(|xs| .‖hs‖)

= α . ‖x‖ .

It follows that‖I −A‖ ≤α < 1, and henceA is invertible, by Theorem 2.
It remains to show thatA is isometric. In view of the above, observe that the inequalities:

‖x−Ax‖ ≤α ‖x‖< ‖x‖ imply that‖Ax‖= ‖x‖ for anyx∈ Eω, hence,A is isometric.
Consequently,( fs)s∈N is an orthogonal base. Moreover, for anyy = ∑

s∈N
ys fs ∈ Eω

‖y‖ =

∥∥∥∥∥A(∑
s∈N

yshs)

∥∥∥∥∥=

∥∥∥∥∥∑s∈N
yshs

∥∥∥∥∥= sup
s∈N

(|ys| .‖hs‖).

Among other things, the following is an immediate consequences of Theorem 5.

Corollary 2. Let (es)s∈N be the canonical base forEω and let( fs)s∈N ⊂ Eω be a family of
vectors such that
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sup
t∈N

(
‖et − ft‖
‖et‖

)
< 1. (3.4.1)

Then( fs)s∈N is also an orthogonal base forEω.

Theorem 6.Let (hs)s∈N be an orthogonal base, C∈ B(Eω) invertible such that
∥∥C−1

∥∥ =
‖C‖−1. Suppose that( fs)s∈N is a sequence of vectors inEω satisfying the following condi-
tion

sup
s∈N

‖ fs−Chs‖
‖hs‖

< ‖C‖ ,

then( fs)s∈N is an orthogonal base.

Proof. We first observe that for anys, ‖ fs‖ ≤ ‖C‖‖hs‖ . For anyx = ∑
s∈N

xshs ∈ Eω :

lim
s→∞

|xs| ‖ fs‖ = lim
s→∞

|xs| ‖hs‖
‖ fs‖
‖hs‖

≤ ‖C‖ . lim
s→∞

|xs|‖hs‖

= 0.

Therefore if we putAx= ∑
s∈N

xs fs, then,A is a well-defined operator satisfyingAhs = fs.

The second condition of the theorem implies that if we putB = C−A, then

‖B‖ = ‖C−A‖= ‖A−C‖ < ‖C‖ ,

from which we deduce that‖A‖= ‖C‖ .

Now ∥∥BC−1
∥∥≤ ‖B‖

∥∥C−1
∥∥< ‖C‖

∥∥C−1
∥∥= 1,

by assumption. Therefore, the operatorAC−1 is such that

∥∥1−AC−1
∥∥=

∥∥BC−1
∥∥< 1.

We can apply Theorem 2 toAC−1 and find that it is invertible. SinceC is also invertible,
it follows thatA is invertible. Moreover, it is not difficult to show thatA is isometric, and
hence,( fs)s∈N is an orthogonal base forEω.

The next corollary is a generalization of Corollary 2.

Corollary 3. Let (hs)s∈N ⊂ Eω be an orthogonal basis,( fs)s∈N ⊂ Eω a sequence of vectors
andζ a non-zero element ofK satisfying:

sup
s∈N

‖ fs− ζhs‖
‖hs‖

< |ζ| ,

then,( fs)s∈N is an orthogonal base forEω.
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Proof. In Theorem 6, we take the matrixC to be the diagonal matrixC = ∑
t,s∈N

cts

(
h
′
s⊗ht

)

with cts = 0 if t 6= s andctt = ζ for all t ≥ 0. It is clear that for anys, Chs = ζhs, C is
invertible,C−1hs = ζ−1hs, ‖C‖ = |ζ| and

∥∥C−1
∥∥= |ζ|−1 . Moreover

sup
s∈N

‖ fs−Chs‖
‖hs‖

= sup
s∈N

‖ fs− ζhs‖
‖hs‖

< |ζ|
= ‖C‖ .

Corollary 4. Let (hs)s∈N be an orthogonal base forEω. If (gs)s∈N is a sequence of vectors

of Eω satisfying: lim
s→∞

|〈hk,gs〉|
|ωs|

‖gs‖ = 0 for each k∈ N, and that,

sup
s∈N

(
‖hs−Shs‖
|ωs|1/2

)
< 1,

where Shk = ∑
s∈N

〈hk,gs〉
ωs

gs for each k∈ N, then(Shs)s∈N is an orthogonal base ofEω.

Remark 6.(1) Note thatSdefined above is a linear operator onEω.

(2) The assumption, lim
s→∞

|〈hk,gs〉|
|ωs|

‖gs‖ = 0 implies that

Shk = ∑
s∈N

〈hk,gs〉
ωs

gs, ∀k∈ N

is well-defined.

(3) The operatorS is isometric, by using sup
s∈N

(
‖hs−Shs‖
|ωs|1/2

)
< 1.

Proof. It suffices to putC = I , and fs = Shs in Theorem 6.

3.4.1 Example

We illustrate Corollary 3 with the following example: Letp be a prime,K = Q, ωs =

ps, |ωs| =
1
ps .

As an orthogonal basis forEω we use the canonical orthogonal basis(es)s∈N and recall

that‖es‖ = |ωs|1/2 =
1

ps/2
. Let ς be such that|ς|= 1 and let

gs = (u−ς)es+ p1+s ∑
t∈N,t 6=s

et , ∀s∈ N.

We chooseu such that|u| = 1 and|u−ς|= 1
p1+s

. To achieve this choice ofu we do the

following: ς is a p-adic unit which can be written inK as
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ς = a0 +a1p+a2p2 + ....+asp
s+as+1ps+1 + ....,

where 1≤ a0 ≤ p−1 and fork 6= 0, 0≤ ak ≤ p−1.
Setting

u = a0 +a1p+a2p2 + ....+asp
s

it follows that |u| = 1 and
u−ς = −(as+1ps+1 + ....),

and hence|u−ς| = 1
p1+s.

Clearly,

‖gs‖ = max

(
|u−ς| |ωs|1/2 ,

1
p1+s

sup
i 6=s

|ωi |1/2

)

= max

(
1

p1+s+s/2
,sup

i 6=s

1
p1+s+i/2

)

= max

(
1

p1+s+s/2
,

1
p1+s

)

=
1

p1+s (even if s= 0).

Thus
‖gs‖
|ωs|1/2

=
1

p1+s/2
, and

sup
s

‖gs‖
|ωs|1/2

= sup
s

1

p1+s/2
=

1
p

< |ς| = 1.

In summary, if we letfs = gs+ ζes = ues+ p1+s∑
i 6=s

ei , then

sup
s∈N

‖ fs− ζes‖
‖es‖

= sup
s∈N

‖gs‖
|ωs|1/2

< |ζ| .

3.5 Hilbert-Schmidt Operators

3.5.1 Basic Definitions

As in the classical setting, Hilbert-Schmidt operators in non-Archimedean Hilbert spaces
are bounded linear operators satisfying a convergence property. Surprisingly, such conver-
gence depends on the base.

Definition 18. A bounded linear operatorA : Eω 7→Eω is ap-adic Hilbert-Schmidt operator
if:
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Q (A) :=

[
∑
t∈N

(
‖Aet‖
‖et‖

)2
]1/2

< ∞,

where(et)t∈N is the canonical orthogonal base forEω. We denote byB2(Eω) the collection
of all Hilbert-Schmidt operators onEω.

Remark 7.(i) If ‖et‖ = 1 for all t ∈N, i.e., if (et)t∈N is an orthonormal base, we retrieve the
definition of a Hilbert-Schmidt operator as in the classical context.

Remark 8.In contrast with the classical setting, the definition of a Hilbert-Schmidt operator
depends on the base. To find out, letp be an odd prime and setK = (Qp, | · |). Then
|1
2| = |2| = 1. Let ωi = 1 for i = 0,1,2, ... and consider the correspondingp-adic Hilbert

spaceEω.
Let (ei)i∈N be the canonical base forEω and let fi = ei for i > 1 and f0 = e0 + e1, and

f1 = e0−e1. It can be shown that( fi)i∈N is an orthogonal base forEω.
Let A : Eω 7→ Eω be the projection onto the one-dimensional space spanned bye0:

Ae0 = e0, Aei = 0 for all i ≥ 1.

It can be easily shown thatA is a Hilbert-Schmidt operator and that

1 = ∑
s∈N

‖Aes‖2

|ωs|
6= ∑

s∈N

‖A fs‖2

‖ fs‖2 = 2.

Definition 19. Let A be a Hilbert-Schmidt operator onEω. The real number

Q (A) :=

[
∑
s∈N

(
‖Aes‖
‖es‖

)2
]1/2

is then well-defined and is called the Hilbert-Schmidt norm ofA.

Theorem 7.Let A∈ B2(Eω), then the following statements hold true:

(1) A has an adjoint denoted A∗;
(2) Q (A) = Q (A∗) and A∗ ∈ B2(Eω);
(3) ‖A‖ ≤ (Q (A)).

Remark 9.In view of the above,B2(Eω) ⊂ B0(Eω).

Proof. Let A = ∑
t,s

ats
(
e′s⊗et

)
be a Hilbert-Schmidt operator. We first show that the bound-

edness is a direct consequence of the convergence property. The convergence of the real
series yields:

lim
s→∞

‖Aes‖2

|ωs|
= 0,
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and therefore, the sequence

(
‖Aes‖2

|ωs|

)

s∈N
is bounded. But since

‖A‖ = sup
s

‖Aes‖
‖es‖

= sup
s

‖Aes‖
|ωs|1/2

,

hence‖A‖< ∞.

(1) We need to prove that for allt, lim
s→∞

|ats|
|ωs|1/2

= 0. Again, because of the convergence of

the real series, lim
s→∞

(
‖Aes‖2

|ωs|
) = 0.

Since
‖Aes‖ = ‖∑

t
atset‖ = sup

t
|ats||ωt |1/2,

it follows that

∀t, lim
s→∞

|ats|
|ωs|1/2

= 0.

(2) If A∗ = ∑
t,s

a∗ts
(
e′s⊗et

)
with a∗ts = ω−1

t ωsast, then:

Q 2 (A∗) = ∑
s

‖A∗ (es)‖2

|ωs|

= ∑
s

supt |ωt |−2 |ωs|2 |ast|2 |ωt |
|ωs|

= ∑
s

sup
t

|ast|2 |ωs|
|ωt |

.

On the other hand,Q 2 (A) = ∑
s

sup
t

|ats|2 |ωt |
|ωs|

but if we consider the real matrixC =

(cts) wherects =
|ats|2 |ωt |

|ωs|
then its transpose isCt = (cst) with cst =

|ast|2 |ωs|
|ωt |

. Moreover,

all the entries in columns of C are the same as all the entries in rowsof Ct , therefore

sup
t

|ats|2 |ωt |
|ωs|

= sup
t

|ast|2 |ωs|
|ωt |

.

Thus,Q 2 (A∗) = Q 2 (A) < ∞. Consequently,A∗ ∈ B2(Eω).
(3) We have

Q 2(A) = ∑
s

sup
t

|ats|2 |ωt |
|ωs|

≥ sup
s

(
sup

t

|ats|2 |ωt |
|ωs|

)

= ‖A‖2 .

This completes the proof.
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Theorem 8.The following statements hold true:

(1) let A,B∈ B0(Eω) and suppose that A∈ B2(Eω), then both AB and BA are in B2(Eω).
(2) let A,B∈ B2(Eω), then AB∈ B2(Eω) and

Q (AB) ≤ Q (A) .Q (B).

Remark 10.(a) From (1) above it follows thatB2(Eω) is a two-sided ideal inB0(Eω);
(b) From (2) above, we have that(B2(Eω),Q (·)) is a normed algebra.

Proof. (1) Observe that‖BA(es)‖ ≤ ‖B‖‖A(es)‖ , hence

‖BA(es)‖2

|ωs|
≤ ‖B‖2 .

‖A(es)‖2

|ωs|
.

SinceB∈ B(Eω) andA∈ B2(Eω) it follows thatBA∈ B2(Eω).
Now by Theorem 7,A∗ exists and is inB2(Eω), hence, by the first part,B∗A∗ ∈ B2(Eω).

Again by Theorem 7,AB= (B∗A∗)∗ ∈ B2(Eω).
(2) This is straightforward, and hence left to the reader.

The following is now clear.

Theorem 9.Let A∈ B0(Eω), then the following are equivalent

(1) A∈ B2(Eω);
(2) for all U,V ∈ B0(Eω),UAV ∈ B2(Eω).

Proof. To see that(2)⇒ (1) chooseU = V = I .

In the spaceB2(Eω) we introduce a form, namely: For allA,B∈ B2(Eω),

〈A,B〉 := ∑
s

〈Aes,Bes〉
ωs

. (3.5.1)

This defines a symmetric, bilinear and non-degenerate form onB2(Eω). The relationship
between the bilinear form defined above and the Hilbert-Schmidt norm is given by the
Cauchy-Schwarz inequality (see Theorem 10 below).

Theorem 10.If A,B∈ B2(Eω), then|〈A,B〉| ≤Q (A) .Q (B).

Proof. We first give a proof along a classical line:

|< A,B >| =
∣∣∣∣∑

s

〈Aes,Bes〉
ωs

∣∣∣∣

≤ ∑
s

|〈Aes,Bes〉|
|ωs|

≤ ∑
s

‖Aes‖‖Bes‖
|ωs|

,
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by the Cauchy-Schwarz inequality for the bilinear form onEω.

Now we consider the sequencesu = (us)s with us =
‖Aes‖
|ωs|1/2

andv = (vs)s with vs =

‖Bes‖
|ωs|1/2

. Since bothA andB are inB2(Eω), then bothu andv are in l2(N). By Holder’s

inequalityuv= (usvs)s ∈ l1(N) and

|uv|1 = ∑
s

‖Aes‖ . ‖Bes‖
|ωs|

≤
(
∑
s

‖Aes‖2

|ωs|

)1/2(
∑
s

‖Bes‖2

|ωs|

)1/2

= Q (A) .Q (B).

Combining, one obtains|〈A,B〉| ≤Q (A) .Q (B).
Next one gives another proof along an ultrametric line: first, writeA = ∑

t,s
ats
(
e′s⊗et

)

andB = ∑
t,s

bts
(
e′s⊗et

)
:

|〈A,B〉| =
∣∣∣∣∑

s

〈Aes,Bes〉
ωs

∣∣∣∣

≤ sup
s

‖Aes‖‖Bes‖
|ωs|

≤
(

sup
s

‖Aes‖
|ωs|1/2

)
.

(
sup

s

‖Bes‖
|ωs|1/2

)

= sup
s

‖Aes‖
‖es‖

.sup
s

‖Bes‖
‖es‖

= ‖A‖‖B‖
≤ Q (A) .Q (B),

by [Theorem 7, (3)].

Here are other properties that are reminiscent of the classical case.

Proposition 19.Let A= ∑
ts

ats
(
e′s⊗et

)
and suppose that the expression

∑
t,s∈N

|ats|2 |ωt |
|ωs|

= C2 < ∞.

Then A∈ B2(Eω) andQ (A) ≤C.

Proof. We observe that∀s, sup
t
|ats|2 |ωt | ≤∑

t
|ats|2 |ωt | . Now
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∑
s

‖Aes‖2

|ωs|
= ∑

s∈N

1
|ωs|

sup
t
|ats|2 |ωt |

≤ ∑
s∈N

1
|ωs|

(
∑
t
|ats|2 |ωt |

)

= ∑
t,s∈N

|ats|2 |ωt |
|ωs|

= C2.

Therefore,Q 2(A) ≤C2.

Remark 11.In contrast with the classical case, strict inequality may occur in Proposition 19.
Indeed, letK = (Qp, | · |), ωt = p−t , ats = pt , hence|ωt | = pt , |ats| = p−t .

(1) ∀s, lim
t
|ats| |ωt |1/2 = lim

t

1
pt/2

= 0.

(2)

∑
t,s

|ats|2 |ωt |
|ωs|

= ∑
t,s

pt

p2t+s

= ∑
t,s

1
pt+s

= C2 > 1.

On the other hand,

∑
s

‖Aes‖2

|ωs|p
= ∑

s

1
|ωs|

sup
t
|ats|2 |ωt |

= ∑
s

1
|ωs|

sup
t

1
pt

= ∑
s

1
|ωs|

=
1

1− 1
p

=
p

p−1
.

But since
p

p−1
> 1 it follows that

p
p−1

<
p2

(p−1)2 .

Proposition 20.Let A= ∑
t,s

ats
(
e′s⊗et

)
∈ B(Eω), furthermore, suppose

(1) |ωs| > 1, for all s∈ N;
(2) sup

s
|ωs| = M < ∞;
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(3) ∑
s
(sup

t
|ats|)2 < ∞.

Then A∈ B2(Eω).

Proof. We simply observe that

‖Aes‖2

|ωs|
=

(
sup

t
|ats| |ωt |1/2

)2

|ωs|

≤ M

(
sup

t
|ats|

)2

.

Remark 12.Note that Proposition 20 above is reminiscent of the properties of operators,
which are of the ”Kernel” type.

3.5.2 Further Properties of Hilbert-Schmidt Operators

We now explore properties of Non-Archimedean Hilbert-Schmidt operators which are sug-
gested by their classical counterparts. Set

c0(E∗
ω) := {(At)t∈N ∈ (E∗

ω)N : lim
t→∞

‖At‖|ωt |1/2 = 0}.

Clearlyc0(E∗
ω) is a non-Archimedean Banach space overK when endowed the norm

‖(At)t∈N‖ = sup
t∈N

‖At‖|ωt |1/2.

Also, let

Fω := {(xt )t∈N ∈ KN : sup
t∈N

|xt |
|ωt |1/2

< ∞}.

In the same wayFω is a non-Archimedean Banach space overK with the norm

‖(xt)t‖ = sup
t∈N

|xt |
|ωt |1/2

.

In the context of the present situation we refer toc0 (E∗
ω) as the set of all sequences of

elements inE∗
ω which converge to 0, and toFω as the set of bounded sequences of elements

of K.

Proposition 21.As Banach spaces overK, E∗
ω is isomorphic to Fω.

Proof. As in [65], the mappingA→ (Aes)s gives the desired isomorphism.
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3.5.3 Completely Continuous Operators

Definition 20. An operatorA∈ B(Eω) is completely continuousif it is the (uniform) limit
in B(Eω) of a sequence of operators offinite rank. We denote byC(Eω) the subspace of all
completely continuous operators onEω.

Definition 21. For any operatorA ∈ B(Eω), we defineAs, the s− componentof A by the
formula:

x∈ Eω, Ax= (Asx)s∈N .

It is clear thatAs∈ E∗
ω.

Proposition 22.The mapping A→ (As)s is an isomorphism of the Banach space C(Eω)
onto the Banach space c0 (E∗

ω) .

Proof. The proof is similar to that of [65, Proposition 4].

Theorem 11.Every Hilbert-Schmidt operator is completely continuous, i.e., B2(Eω) ⊂
C(Eω).

Proof. Let A be a Hilbert-Schmidt operator, then, by Theorem 7, the adjointA∗ does exist
and it is also a Hilbert-Schmidt operator, hence

∑
s

‖A∗es‖2

|ωs|
< ∞.

It follows that lim
s

‖A∗es‖
|ωs|1/2

= 0.

Let A= ∑
(i, j)∈N×N

ai j (e′j ⊗ei) be the standard representation ofA andAs thes-component

of A. It is enough to show that
lim

s
‖As‖|ωs|1/2 = 0.

Observe

‖As‖ = sup
x6=0

|Asx|
‖x‖

= sup
i

|Asei |
‖ei‖

= sup
i

|asi|
|ωi |1/2

.

Hence

‖As‖ |ωs|1/2 = sup
i

|asi| |ωs|1/2

|ωi |1/2
=

‖A∗es‖
|ωs|1/2

.

Therefore lims‖As‖ |ωs|1/2 = 0.
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3.5.4 Trace

One important notion in the classical theory is that of trace. We now define the trace of an
operator in the non-Archimedean context.

Definition 22. [12] ForA∈ B0(Eω), we define the trace ofA to be

tr(A) := ∑
s∈N

〈Aes,es〉
〈es,es〉

(3.5.2)

if the sum converges inK and where(es)s∈N is the canonical orthogonal base forEω.

We denote byB1(Eω) the collection of operators which have traces1.

Remark 13.(1) The convergence inK of the series in (3.5.2) is equivalent to

lim
s→∞

∣∣∣∣
〈Aes,es〉
〈es,es〉

∣∣∣∣= 0.

(2) SinceA∈ B0(Eω), its adjointA∗ exists and tr(A) = tr(A∗).

Remark 14.Let A be a Hilbert-Schmidt operator. Does the definition of tr(A) dependent of
the canonical orthogonal base(es)s∈N?

3.5.5 Examples

Throughout this subsection, we suppose thatK a complete non-Archimedean field,ω =
(ωi)i∈N is a sequence of nonzero elements inK, and Eω is the corresponding non-
Archimedean Hilbert space toω= (ωt)t∈N.

Example 19.Suppose that the ground fieldK = (Qp, | · |) and consider the linear operatorA
onEω defined by

Aes =
∞

∑
k=0

ak,sek,

where

aks =





ps+k

1+ p+ p2 + ....+ ps
if k≤ s

0 if k > s.

We also require that:

(1) |ωt | ≥ 1 for eacht ∈ N,
(2) sup

t∈N
|ωt | ≤ M for someM > 0.

1 An operatorA whose trace does exists is also callednuclear.
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Proposition 23.Under assumptions (1)-(2) above, the operator A defined above is Hilbert-
Schmidt onEω.

Proof. For eachs, |aks| |ωk|1/2 = p−(s+k) |ωk|1/2
p ≤ M1/2p−(s+k), hence

∀s, lim
k
|aks| |ωk|1/2 = 0.

Therefore,A is well-defined.
Now

‖Aes‖2 =
(

max
0≤k≤s

| ps+k

1+ p+ p2+ ....+ ps| . |ωk|
1
2

)2

,

and hence

‖Aes‖2 ≤ M

(
max

0≤k≤s
| ps+k

1+ p+ p2+ ....+ ps|
)2

.

Since| ps+k

1+ p+ p2 + ....+ ps|p = p−(k+s) it follows that

‖Aes‖2 ≤ M

[
max
0≤k≤s

| ps+k

1+ p+ p2 + ....+ ps
|p
]2

= Mp−2s,

that is,
‖Aes‖2

|ωs|
≤ Mp−2s,

by (1).

Since the series
+∞

∑
s=0

M p−2s converges, henceA∈ B2(Eω) .

Example 20.Suppose that the ground fieldK = Qp and thatωs = p−s for all s∈ N. For
integersm≥ 1 andn≥ 0 let

A(m,n) = ∑
t,s∈N

1
ωm

t ωn
s

(
e′s⊗et

)
.

Proposition 24.Under previous assumptions, A(m,n) is a Hilbert-Schmidt onEω.

Proof.For all s,
∥∥A(m,n)es

∥∥2
= sup

t∈N

1

|ωt |2m−1 |ωs|2n . Now since|ωt | = pt → ∞ as t → ∞,

there exists a positiveM such that sup
i

1

|ωi |2m−1 ≤ M and it follows that

∥∥A(m,n)es
∥∥2

|ωs|
≤ M

|ωs|2n+1 .

Again, since|ωs| = ps → ∞ ass→ ∞ it follows that the series

∑
s

M

|ωs|2n+1 = ∑
s

M

ps(2n+1)

converges, henceA(m,n) ∈ B2(Eω).



42 Toka Diagana

Example 21.This example is a variation of the one produced in [24]. LetA be the operator
onEω defined by

Aes = λses+∑
t 6=s

et

ωt
.

Proposition 25.Suppose that|ωs| ≥ 1 for all s, and consider a sequence(λs)s∈N in (K, |.|)
satisfying:|λs| ≥ |ωs|−1/2for all s, and∑

s
|λs|2 converges. Then A∈ B2 (Eω).

Proof. Clearly,A∈ B(Eω). Moreover, fors

‖Aes‖2 = max

(
|λs|2 |ωs| ,sup

j 6=s

1∣∣ωj
∣∣

)
= |λs|2 |ωs| .

The result now follows from the fact that∑
s
|λs|2 converges.

Remark 15.In the case ofK = (Qp, | · |), one can takeωs = p−3s andλs = ps.

3.6 Open Problems

Problem 1. Interesting questions related to this chapter consists of developing a compre-
hensive spectral theory for self-adjoint bounded operators, normal operators, completely
continuous operators, and Hilbert-Schmidt operators, as it had been done in the classical
setting.

The following questions, raised in Diagana[20], still remain:
Problem 2. Let T : Eω 7→ Eω be a bounded linear operator. Suppose thatT does not

have an adjoint. Can we perturbT so that the resulting operator has an adjoint?

Problem 3.Let T be a bounded linear operator onEω. Is it possible to decomposeT as
T = A+B, whereA∈ B0(Eω) andB does not have an adjoint?

Problem 4.Characterize the collection of all bounded linear operators onEω, which do
not have adjoint.

Problem 5.Let T be a Hilbert-Schmidt operator onEω. Define the square rootT1/2 of
T? Does it exist an orthogonal basis(φt)t for Eω such that

Tx= ∑
t∈N

µt
〈x,φt 〉

ωt
. φt , x∈ Eω,

whereµt ∈ K, ∀t ∈ N?

3.7 Bibliographical Notes

This chapter is entirely devoted to non-Archimedean bounded linear operators. Most of the
results of this chapter can be found in Diagana et al.[4, 12, 17], and Diarra[24, 25].



Chapter 4

Non-Archimedean Unbounded Linear
Operators
4.1 Introduction

Let ω= (ωi)i∈N be a sequence of nonzero elements in a (complete) non-Archimedean field
(K, | · |) and let(Eω,‖ · ‖,〈·, ·〉) be the corresponding non-Archimedean Hilbert space (Sec-
tion 3.2). This chapter is devoted to unbounded linear operators on free Banach spaces
(respectively, on non-Archimedean Hilbert spacesEω). As for non-Archimedean bounded
linear operators, some of the results go along with the classical line and others deviate from
it. For the most part, the statements of the results are inspired by their classical counterparts.
However their proofs may depend heavily on the non-Archimedean nature of bothEω and
the ground fieldK. As for non-Archimedean bounded operators onEω, we shall see that
there exist unbounded linear operators, which do not have adjoint. Both the closedness and
the self-adjointness of those unbounded linear operators will be screened. To deal with both
the closedness and the self-adjoiness of those linear operators, we will equip the direct sum
Eω×Eω with both a complete non-Archimedean norm and a (non-Archimedean) hilbertian
structure. As in the classical context, we consider an unitary operatorΓ onEω×Eω, which
yields a remarkable description the adjointA∗ of A in terms ofA.

As illustrations, several examples will be discussed. In particular, special attention is
paid to the so-called (unbounded) diagonal operator, which will play a crucial role to diag-
onalizing self-adjoint linear operators (see Chapter 6).

Throughout the rest of this chapter,(K, | · |) denotes a complete non-Archimedean valued
field.

4.2 Basic Definitions

Let (E,‖ ·‖) and(F, ||| · |||) be free Banach spaces overK and let(et)t∈N, (ht)t∈N denote the
canonical orthogonal bases associated withE andF, respectively.

The next definition is crucial throughout the rest of the book and is due to Diagana[17,
18].
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Definition 23. An unbounded linear operatorA from E into F is a pair(D(A),A) consisting
of a subspaceD(A) ⊂ E (called the domain ofA) and a (possibly not continuous) linear
transformationA : D(A) 7→ F. The domainD(A) contains the base(ei)i∈N and consists of
all u = (ui)i∈N ∈ E such thatAu= ∑

i∈N
uiAei converges inF, that is





D(A) := {u = (ut)t∈N ∈ E : lim
t→∞

|ut | . |||Aet ||| = 0},

A = ∑
t,s∈N

ats e′s⊗ht , ∀s∈ N, lim
t→∞

|at,s| . |||ht ||| = 0.

The collection of those unbounded linear operators is denoted byU(E,F) andU(E) in
the case whenE = F.

4.2.1 Example

Example 22.Let K = (Qp, | · |) and suppose thatE = F = C(Zp,Qp), is the non-
Archimedean Banach space appearing in Examples 9 and 13 equipped with its correspond-
ing sup norm.

Let γ= (γt)t∈N : Zp 7→ Qp be an arbitrary sequence of functions, not necessarily contin-
uous. Define





D(Mγ) := {u(x) =
∞

∑
t=0

ut ft(x) ∈ E : lim
t→∞

|ut | .‖Mγ ft‖∞ = 0},

Mγu(x) :=
∞

∑
t=0

utγt(x) ft (x), ∀ u(x) =
∞

∑
t=0

ut ft(x) ∈ D(Mγ).

It can be easily checked that the linear operatorMγ is well-defined. Moreover, depending
on the boundedness or not of the expression sup

t∈N
‖γt‖∞, the operatorMγ may or may not be

bounded1.

Throughout the rest of this chapter we takeE = F = Eω with ω= (ωt)t∈N ⊂ K being a
sequence of nonzero.

We have previously seen that ifA∈ B(Eω) thenD(A) = Eω. Here, we will see that the
domains of most of operators that we consider differ fromEω. As for bounded operators,
there are elements ofU(Eω), which do not have adjoint. In the next definition, we state
some necessary and sufficient conditions, which do guarantee the existence of the adjoint.

1 If sup
t∈N

‖γt‖∞ = ∞, thenMγ is an unbounded linear operator onC(Zp,Qp). Otherwise, it is a bounded linear

operator.
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4.2.2 Existence of the Adjoint

Definition 24. A linear operatorA = ∑
t,s

ats e′s⊗ et in U(Eω) is said to have an adjoint

A∗ ∈U(Eω) if and only if:

lim
s→∞

|ωs|−1/2 . |ats| = 0, ∀t ∈ N. (4.2.1)

Furthermore, under assumption (4.2.1), the adjointA∗ of A is uniquely expressed by




D(A∗) := {v = (vt)t∈N ∈ Eω : lim
t→∞

|vt | ‖A∗et‖ = 0},

A∗ = ∑
t,s∈N

a∗ts e′s⊗et , ∀s∈ N, lim
t→∞

|a∗ts| |ωt |
1
2 = 0,

wherea∗ts = ω−1
t ωsast.

Set

U0(Eω) =

{
A = ∑

t,s
atse

′
s⊗et ∈U(Eω) : lim

s→∞

|ats|
|ωs|1/2

= 0, ∀t ∈ N

}
.

Clearly,B0(Eω) ⊂U0(Eω).

Remark 16.In the classical context, ifB is an unbounded linear operator on a Hilbert space
H, then(B∗)∗ = B (B being the closure ofB). In the non-Archimedean setting, it is not
difficult to check that ifA= ∑

t,s∈N
atse

′
s⊗et ∈U0(Eω), thenA∗ ∈U0(Eω). Moreover,(a∗ts)∗ =

ats, ∀t,s∈ N, and hence
(A∗)∗ = A.

4.2.3 Examples of Unbounded Operators With no Adjoint

Example 23.SetK = Qp, the field of p-adic numbers endowed with thep-adic absolute
value| · | and letωt = p3t so that|ωt |

1
2 = p−

3
2t . DefineA=∑

t,s
ats .(e′s⊗et) by its coefficients:

ats =





p−s if t < s
1 if t = s

p−t if t > s.

Proposition 26.The linear operator A defined above is in U(Eω) and does not have an

adjoint.

Proof.Since∀s, lim
t
|ats||ωt |

1
2 = lim

t>s
pt p−

3
2 t = 0 it is then clear thatA = ∑

ts
ats .(e′s⊗et) is

well-defined. Furthermore,∀t,s∈ N,
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λts :=
|ats||ωt |

1
2

|ωs|
1
2

=





p
3
2(s−t)+s if t < s

1 if t = s

pt+ 3
2s− 3

2t if t > s.

Consequently,

∀t,s, λt,s :=
|ats||ωt |1/2

|ωs|1/2
≥





ps if t < s
1 if t = s

p−
3
2t if t > s.

Clearly,‖A‖ := sup
t,s

λt,s = ∞, henceA∈U(Eω).

To complete the proof we have to show that∀t, lim
s

|ats|
|ωs|

1
2

6= 0. Indeed,

∀t, lim
s

|ats|
|ωs|

1
2

= lim
s>t

psp
3
2s = ∞,

hence the adjoint ofA does not exist.

Similarly, takingbts = p−t−s, for all t,s∈N, andωt = p3t for eacht ∈N, one can easily
check that:

B = ∑
t,s∈N

p−t−se′s⊗et 6∈U0(Eω).

4.3 Closed Linear Operators onEω

Let A∈U(Eω). As in the classical setting, we define the graph of the linear operatorA by

G(A) := {(x,Ax) ∈ Eω×Eω : x∈ D(A)}.

Definition 25. An operatorA∈U(Eω) is said to be closed if its graph is a closed subspace
in Eω×Eω. The operatorA is said to be closable if it has a closed extension.

As in the classical theory of unbounded linear operators we characterize the closedness
of an operatorA∈U(Eω) as follows:∀ut ∈D(A) such that‖u−ut‖ 7→ 0 and‖Aut −v‖ 7→ 0
(v∈ Eω) ast 7→ ∞, thenu∈ D(A) andAu= v.

Remark 17.Note that ifA∈B(Eω), then it is closed. Indeed sinceA is bounded,D(A)=Eω.
Moreover if ut ∈ Eω such thatut 7→ u on Eω as t 7→ ∞, then by the boundedness ofA it
follows thatAut 7→ Au ast 7→ ∞, that is,(ut ,Aut) 7→ (u,Au) ast 7→ ∞ on Eω×Eω, hence
G(A) is closed.

Let C(Eω) denote the collection of closed linear operatorsA ∈ U(Eω) . Obviously,
B(Eω) ⊂C(Eω).



Non-Archimedean Unbounded Linear Operators 47

Remark 18.As in the classical setting, it is not difficult to see that ifA ∈ C(Eω) and if
B∈ B(Eω), thenA+B∈C(Eω).

Definition 26. If A,B are (possibly unbounded) linear operators onEω such thatD(A) ⊂
D(B) andAx = Bx for eachx ∈ D(A), thenB is said to be an extension ofA and write
A⊂ B.

Let A andB be (possibly unbounded) linear operators onEω; their algebraic sum and
product are respectively defined by





D(A+B) = D(A)∩D(B)

(A+B)u= Au+Bu, ∀u∈ D(A)∩D(B),

and





D(AB) ={u∈ D(B) : Bu∈ D(A)}

(AB)u = A(Bu), ∀u∈ D(AB).

The domainD(A)∩D(B) of the algebraic sumA+ B has to be watched with care. In-
deed, it may happenD(A)∩D(B) = {0}. In this event,A+B is trivial.

Let A : D(A) 7→ Eω be an unbounded linear operator onEω. Note that in addition to the
topology ofEω, D(A)can be provided with another norm that we will call non-Archimedean
graph normdefined by:

‖u‖D(A) = max(‖u‖,‖Au‖), ∀u∈ D(A).

It is clear that the non-Archimedean graph norm is stronger than the norm ofEω. Moreover,
those two norms are equivalent if and only ifA∈ B(Eω).

Proposition 27.Let A : D(A) 7→ Eω be an unbounded linear operator onEω. Then

(D(A),‖ · ‖D(A)) is a non-Archimedean Banach space if and only if A is closed.

Proof. It is easy to see that(D(A),‖ · ‖D(A)) is a non-Archimedean normed vector space.
Suppose thatA is closed. Let(ut )t∈N ⊂ D(A) be a Cauchy sequence. Therefore, for each
ε > 0 there existsT0 such that:

‖ut −us‖D(A) = max(‖ut −us‖,‖Aut −Aus‖) ≤ ε

whenevert ≥ s≥ T0.
Consequently, both(ut)t∈N (Aut)t∈N are Cauchy sequences inEω. SinceEω is complete,

ut → u, Aut → ξ ast → ∞. Clearly,u∈ D(A) andAu= ξ because of the closedness ofA,
and hence‖ut −u‖D(A) 7→ 0 ast → ∞, that is,(D(A),‖ · ‖D(A)) is complete.

Now suppose that(D(A),‖·‖D(A)) is complete and let(ut)t∈N ⊂D(A) such that‖ut −u‖
and‖Aut − ξ‖→ 0 ast → ∞. We want to show thatu∈ D(A) andAu= ξ. Clearly,
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‖ut −us‖D(A) = max(‖ut −us‖,‖Aut −Aus‖) → 0 as t,s→ ∞,

and hence(ut)t∈N is a Cauchy sequence in(D(A),‖ · ‖D(A)). In view of the above, there
existsv∈ D(A) such that

‖ut −v‖D(A) = max(‖ut −v‖,‖Aut −Av‖) → 0 as t → ∞.

In particular,‖ut −v‖,‖Aut −Av‖→ 0 ast → ∞, and thereforeu= v∈ D(A) andAv= Au=
ξ, because of the uniqueness of the limit.

Definition 27. An operatorA ∈ U(Eω) is said to be symmetric if〈Au,v〉 = 〈u,Av〉 for all
u,v∈ D(A).

Definition 28. An operatorA∈U0(Eω) is said to be self-adjoint ifD(A) =D(A∗) andAu=
A∗u for eachu∈ D(A).

Clearly, every self-adjoint operator is symmetric.
We shall prove the following important theorem:

Theorem 12.Let A∈U0(Eω). Then its adjoint A∗ is a closed linear operator. In particular,
if A is self-adjoint, then it is closed.

Let Γ be the bounded linear operator which goes fromEω×Eω into itself defined by:

Γ(u,v) := (−v,u), ∀(u,v) ∈ Eω×Eω.

Clearly,Γ satisfies:

(i) Γ2(u,v) = −(u,v), ∀(u,v) ∈ Eω×Eω;
(ii) Γ2(M) = M for any subspaceM of Eω×Eω.

From (i) it follows that: Γ2 = −I (Γ is an unitary operator), whereI is the identity
operator ofEω×Eω.

Theorem 13.If A ∈U0(Eω), thenG(A∗) = [ΓG(A)]⊥, where[ΓG(A)]⊥ is the orthogonal
complement of[ΓG(A)].

Proof. (Theorem 13). Since the adjointA∗ of A does exist, one defines its graph by:

G(A∗) := {(x,A∗x) ∈ Eω×Eω : x∈ D(A∗)}.

Thus for(x,y) ∈ D(A∗)×D(A) one has

〈(x,A∗x),Γ(y,Ay)〉2 = 〈(x,A∗x),(−Ay,y)〉2

= −〈x,Ay〉+ 〈A∗x,y〉
= 0,
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henceG(A∗) ⊂ [ΓG(A)]⊥.
Conversely, if(x,y) ∈ [ΓG(A)]⊥, ∀z∈ D(A), then,

0 = 〈(x,y),(−Az,z)〉2

= −〈x,Az〉+ 〈y,z〉.

It follows that 〈Az,x〉 = 〈z,y〉. Now by uniqueness of the adjoint, we obtain that:x ∈
D(A∗) andA∗x = y, hence(x,y) ∈ G(A∗).

Proof. (Theorem 12). Since the adjoint ofA∗ of A does exist and thatΓG(A) is a subspace
of Eω×Eω, then using Theorem 13 it follows thatG(A∗) = [ΓG(A)]⊥ is closed, henceA∗

is closed.

4.4 Diagonal Operators onEω

Let ω = (ωt)t∈N ⊂ K be a sequence of nonzero elements and letEω be its corresponding
non-Archimedean Hilbert space. Let(λt)t∈N ⊂ K be a sequence of elements such that

lim
t→∞

|λt | = ∞. (4.4.1)

Define the diagonal operatorA∈U(Eω) by

D(A) = {x = (xt ) ⊂ K : lim
t

|λt | . |xt | .‖et‖ = 0},

and
Ax= ∑

t∈N
λtxtet , for each x = ∑

t∈N
xtet ∈ D(A).

Proposition 28.Under assumption (4.4.1), the diagonal operator A defined above is a (un-

bounded) self-adjoint operator onEω. Furthermore,ρ(A) = {λ ∈ K : λ 6= λt , ∀t ∈ N},
and

‖(A−λ)−1‖ = sup
t∈N

(
1

|λt −λ|

)

for eachλ ∈ ρ(A).

Proof. First of all, let us make sure that the operatorA is well-defined. For that, note that
|att | = |λt | and that|ats| = 0 if t 6= s, and

lim
t

|ats| |ωt |1/2 = lim
t>s

|ats| |ωt |1/2 = 0,

and henceA is well-defined.

Now
|ats| |ωt |1/2

|ωs|
= |λt | if t = s and 0 ift 6= s. It follows that

‖A‖ := sup
t,s

|ats| |ωt |1/2

|ωs|
= sup

t
|λt | = ∞,
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and henceA∈U(Eω).
Let us show that the adjointA∗ of A does exist. This is actually obvious since

∀t ∈ N, lim
s

|ats| |ωs|−1/2 = lim
s>t

|ats| |ωs|−1/2 = 0.

Clearly, the adjointA∗ is defined byA∗ = ∑
ts

bts e′s⊗et , wherebts = w−1
t wsast = ats for

all t,s∈ N, and henceA = A∗.
To complete the proof we have to compute elements of the resolventρ(A) of A. We

want to find allλ ∈ K such that

(A−λI )x= y, (4.4.2)

wherex = ∑
t

xtet ∈ D(A) = D(A−λI) andy = ∑
t

ytet ∈ Eω.

Considering (4.4.2) on(et)t∈N and using the factA is self-adjoint it follows that

∀t ∈ N, (λt −λ) .〈et ,x〉 = 〈et ,y〉.

Equivalently,∀t ∈ N,

(λt −λ) .ωt xt = ωtyt . (4.4.3)

For all λt 6= λ, (4.4.2) has a unique solutionx. Moreover,

x = (A−λ)−1y = ∑
t∈N

yt

λt −λ
et . (4.4.4)

Let us show thatx = (A−λ)−1y given above is well-defined. For that it is sufficient to
prove that

lim
t→∞

|yt |
|λt −λ| ‖et‖ = 0.

Using (4.4.1) it easily follows that the sequence

(
1

|λt −λ|

)

t∈N
is bounded, and hence

lim
t→∞

|yt |
|λt −λ| ‖et‖ = 0.

It remains to find conditions onλ so thatx defined above belongs toD(A). For that, it is
sufficient to show that

lim
t→∞

|yt |
|λt −λ|

‖Aet‖ = lim
t→∞

|λt |
|λt −λ|

|yt | ‖et‖ = 0.

Indeed, since lim
t→∞

|yt | ‖et‖ = 0,

0 ≤ lim
t→∞

|yt |
|λt −λ|

‖Aet‖

≤ lim
t→∞

|λt |
| |λt |− |λ| | . lim

t
|yt | ‖et‖

= 0.
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From (4.4.4) it follows that for eacht ∈ N, ‖(A−λ)−1et‖ =
‖es‖

|λt −λ|
, in other words,

‖(A−λ)−1‖ = sup
t∈N

(
1

|λt −λ|

)
,

and hence(A−λ)−1 ∈ B(Eω).
In summary, the resolventρ(A) of A given by:

ρ(A) = {λ ∈ K : λ 6= λt , ∀t ∈ N}.

Remark 19.Note thatD(A), the domain of the diagonal operatorA may or may not be equal
the wholeEω. Indeed, take, for eacht ∈ N, µt ∈ K−{0}, ωt = µ2

t , andx̃ = (x̃t)t∈N where

x̃t =
1

λt µt
for all t ∈ N. Clearly,x̃∈ Eω since

lim
t→∞

|x̃t |‖et‖ = lim
t→∞

1
|λt |

= 0,

by (4.4.1). Meanwhile, one can easily see that ˜x 6∈ D(A) since

lim
t→∞

|x̃t | . |λt | .‖et‖ = 1 6= 0.

4.5 Open Problems

Problem 1. Interesting questions related to this chapter consists of developing a compre-
hensive spectral theory for self-adjoint and normal (unbounded) linear operators.

Problem 2. Let T : D(T) ⊂ Eω 7→ Eω be a unbounded linear operator. Suppose that
T does not have an adjoint. How can we perturbT so that the resulting operator has an
adjoint?

Problem 3.Let T be an unbounded linear operator onEω. Is it possible to decompose
T as:T = A+B, whereA∈U0(Eω) andB does not have an adjoint?

Problem 4.Characterize (spectrally) the collection of all unbounded linear operators on
Eω, which do not have adjoint?

Problem 5.Let A,B be unbounded linear operators onEω. Find necessary and sufficient
conditions so thatA+B∈C(Eω).

4.6 Bibliographical Notes

This chapter is entirely devoted to non-Archimedean unbounded linear operator. Most of
results (published or not) of this chapter are due to Diagana[17, 18].





Chapter 5

Non-Archimedean Bilinear Forms

5.1 Introduction

In the classical setting, Bounded and unbounded sesquilinear forms on Hilbert spaces play
an crucial role in several fields such as quantum mechanics, mathematical physics, varia-
tional analysis, symplectic geometry, see, e.g., de Bivar-Weinholtz and Lapidus[5], Dia-
gana[19], Johnson and Lapidus[34], and Kato[35].

The present chapter examines a preliminary work of the author on non-Archimedean
counterparts of the classical bilinear forms on Hilbert spaces. To do so, we first introduce
and study bounded and unbounded (symmetric) bilinear forms onEω×Eω; we then call
those forms non-Archimedean bilinear forms. Secondly, we emphasis on the closedness of
these bilinear forms in connection with the associated non-Archimedean quadratic forms as
it had been done in the classical setting in Kato[35, Chapter VI, p. 313]. In particular,
some sufficient conditions for the closedness of the form sum of the so-called quadratically
disjoint closed bilinear forms, are given. In addition to the above, we also discuss the
construction of non-Archimedean Hilbert spaces through bilinear forms.

At the end of this chapter we discuss on a new representation theorem, which basically
says that under some suitable assumptions, each non-degenerate (unbounded) bilinear form
on Eω×Eω is representable by a linear operatorA under some. Furthermore, when such a
bilinear form is symmetric, then the operatorA is self-adjoint.

If ω = (ωt)t∈N is a sequence of nonzero elements inK, then we letEω denote its cor-
responding non-Archimedean Hilbert space and(et)t∈N denotes the canonical orthogonal
base associated withEω.

5.2 Basic Definitions

5.2.1 Continuous Linear Functionals onEω

Definition 29. A linear functionalϕ : Eω 7→ K is said to be continuous if there exists K≥ 0
such that
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|ϕ(u)| ≤ K . ‖u‖, u∈ Eω. (5.2.1)

The smallest K such that (5.2.1) holds is called the norm of the continuous linear functional
ϕ and is defined by

|‖ϕ‖| = sup
u6=0

(
|ϕ(u)|
‖u‖

)
.

The space of all continuous linear functionals onEω is denotedE∗
ω and called the (topo-

logical) dual ofEω. The space(E∗
ω, |‖ · ‖|) is a Banach space overK.

Proposition 29.Letϕ : Eω 7→K be a continuous linear functional. Then its norm|‖ϕ‖| can

be explicitly expressed as

|‖φ‖| = sup
i∈N

(
|ϕ(ei)|
‖ei‖

)
.

Proof. Obviously,|‖φ‖| ≥sup
i∈N

(
|ϕ(ei)|
‖ei‖

)
, by the definition of the norm|‖ϕ‖|.

Now letu 6= 0,

|ϕ(u)| =

∣∣∣∣∣
∞

∑
i=0

ϕ(ei) ui

∣∣∣∣∣
≤ sup

i∈N
(|ϕ(ei)| . |ui |)

= sup
i∈N

(
|ϕ(ei)|(|ui | .‖ei‖)

‖ei‖

)

≤ ‖u‖ . sup
i∈N

(
|ϕ(ei)|
‖ei‖

)
,

and hence

|‖ϕ‖| ≤ sup
i∈N

(
|ϕ(ei)|
‖ei‖

)
.

One completes the proof by combining the first and the latest inequalities.

The next theorem is a non-archimedean version of the well-known Riesz representation
theorem [35].

Theorem 14.Letϕ : Eω 7→ K be a linear functional such that

lim
i→∞

‖ϕ(ei)‖
‖ei‖

= 0. (5.2.2)

Then there exists a unique u0 ∈ Eω such that

ϕ(u) = 〈u,u0〉, for all u ∈ Eω.

Moreover,|‖ϕ‖| = ‖u0‖.
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Proof. Obviously, (5.2.2) yieldsϕ is continuous as|‖ϕ‖| = sup
i∈N

‖ϕ(ei)‖
‖ei‖

< ∞.

Let u = ∑
i∈N

uiei ∈ Eω. Now, φ(u) = ∑
i∈N

uiϕ(ei) is well-defined. Indeed, sinceu ∈ Eω,

lim
i→∞

|ui |‖ei‖ = 0, and hence

lim
i→∞

|uiϕ(ei)| ≤ ‖u‖ . lim
i→∞

‖ϕ(ei)‖
‖ei‖

= 0,

by (5.2.2).

Now, setu0 = ∑
i∈N

φ(ei)
ωi

ei . Using (5.2.2), one can easily see thatu0 ∈ Eω. Moreover,

ϕ(u) = 〈u,u0〉 for eachu∈ Eω.

Suppose that there exists anotherv0 ∈ Eω such thatϕ(u) = 〈u,v0〉 for eachu ∈ Eω.

Then,〈u0−v0,u〉 = 0 for eachu∈ Eω, that is,u0−v0⊥ Eω. In particular,〈u0−v0,ei〉 = 0
for eachi ∈N, that is, all coordinates ofu0−v0 in the canonical base(ei)i∈N of Eω are zero,
and henceu0 = v0.

Now

‖u0‖ := sup
i∈N

∥∥∥∥
φ(ei)
ωi

ei

∥∥∥∥= sup
i∈N

‖ϕ(ei)‖
‖ei‖

= |‖ϕ‖|.

Definition 30. A mappingφ : Eω×Eω 7→ K is called a non-Archimedean bilinear form if
u 7→ φ(u,v) is linear for eachv∈ Eω andv 7→ φ(u,v) linear for eachu∈ Eω.

One can easily see that ifφ : Eω×Eω 7→ K is a non-Archimedean bilinear form over
Eω×Eω, then, for allu = (ut)t∈N,v = (vt)t∈N ∈ Eω,

φ(u,v) =
∞

∑
t,s=0

σtsut .vs, ∀s∈ N, lim
t→∞

|ut ||σts|1/2 = 0, (5.2.3)

whereσts = φ(et ,es) for all t,s∈ N.

5.2.2 Bounded Bilinear Forms onEω×Eω

Definition 31. A non-Archimedean bilinear formφ : Eω×Eω 7→ K is said to be bounded if
there existsM ≥ 0 such that

|φ(u,v)| ≤ M . ‖u‖ . ‖v‖ (5.2.4)

for all u,v∈ Eω.
The smallest M such that (3.3.1) holds is called the norm of the bilinear formφ and is

defined by

‖φ‖ = sup
u,v6=0

(
|φ(u,v)|
‖u‖ .‖v‖

)
.
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Example 24.Let A : Eω 7→ Eω be a bounded linear operator. Setting

Φ(u,v) = 〈Au,v〉 for all u,v∈ Eω,

where〈·, ·〉 is the inner product given in (2.3.2), it is then clear thatΦ is a bounded non-
Archimedean bilinear form overEω×Eω.

Proposition 30.Let φ : Eω×Eω 7→ K be a bounded bilinear form. Then its norm‖φ‖ can
be explicitly expressed as

‖φ‖ = sup
i, j∈N

(
|φ(ei ,ej)|
‖ei‖ .‖ej‖

)
.

Proof. The inequality,‖φ‖ ≥ sup
i, j∈N

(
|φ(ei ,ej)|
‖ei‖ .‖ej‖

)
, is a straightforward consequence of the

definition of the norm‖φ‖of φ.
Now supposeu,v 6= 0. In view of the above, one has

|φ(u,v)| =

∣∣∣∣∣
∞

∑
i, j=0

φ(ei ,ej) uivj

∣∣∣∣∣
≤ sup

i, j∈N
(|φ(ei ,ej)| . |ui | . |vj |)

= sup
i, j∈N

(
|φ(ei ,ej)|(|ui | .‖ei‖)(|vj | .‖ej‖)

‖ei‖ .‖ej‖

)

≤ ‖u‖ .‖v‖ . sup
i, j∈N

(
|φ(ei ,ej)|
‖ei‖ .‖ej‖

)
,

and hence

‖φ‖ ≤ sup
i, j∈N

(
|φ(ei ,ej)|
‖ei‖ .‖ej‖

)
.

One completes the proof by combining the first and the latest inequalities.

5.2.3 Unbounded Bilinear Forms onEω×Eω

We now introduce non-Archimedean analogues of the so-calledunboundedbilinear forms.

Definition 32. A mappingΨ : D(Ψ)×D(Ψ)⊂Eω×Eω 7→ K is called a non-Archimedean
(unbounded) bilinear form ifu 7→Ψ(u,v) is linear for eachv∈D(Ψ) andv 7→Ψ(u,v) linear
for eachu∈ D(Ψ), where





D(Ψ) := {u = (ut)t∈N ∈ Eω : lim
t→∞

|ut | . |Ψ(et ,et)|1/2 = 0},

Ψ(u,v) =
∞

∑
t,s=0

σts utvs, ∀s∈ N, lim
t→∞

|ut | . |σts|1/2 = 0

for all u,v∈ D(Ψ), whereσts = Ψ(et ,es) for all t,s∈ N.
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The subspaceD(Ψ) will be called thedomainof the non-Archimedean bilinear formψ.
One says thatΨ is densely defined ifD(Ψ) is dense inEω.

Example 25.Let A : D(A) ⊂ Eω 7→ Eω be an unbounded linear operator. One can easily
check that,ψ(u,v) = 〈Au,Av〉, for u = (ut)t∈N,v = (vt)t∈N ∈ D(A) is a non-Archimedean
bilinear form, which can be explicitly expressed by

ψ(u,v) =
∞

∑
t,s=0

σts ut .vs

whereσts = 〈Aet ,Aes〉, t,s= 0,1,2, ...

Clearly,ψ given above is well-defined. Indeed, for eachu = (ut)t∈N ∈ D(A),

|ut | . |〈Aet ,Aet〉|1/2 ≤ |ut |‖Aet‖ 7→ 0 as t 7→ ∞,

by u = (ut)t∈N ∈ D(A). Moreover,D(A)⊂ D(ψ).
We now consider an example of bilinear forms corresponding to diagonal operators. Let

(λt)t∈N ⊂ K be a sequence of terms such that lim
t→∞

|λt | = ∞. Define the operatorA by





D(A) = {u = (ut)t∈N : lim
t→∞

|λt ||ut |‖et‖ = 0},

Au=
∞

∑
t=0

λtutet for each u =
∞

∑
t=0

utet ∈ D(A).

One can easily check thatA is well-defined and is an unbounded linear operator onEω.
Defineψ(u,v) = 〈Au,v〉 for eachu,v∈ D(A) by

ψ(u,v) =
∞

∑
t=0

ωtλtutvt (5.2.5)

for all u =
∞

∑
t=0

utet , v =
∞

∑
t=0

vtet ∈ D(A).

Clearly,ψ is well-defined. Indeed,

|ωt ||λt ||ut ||vt | = (|λt ||ut |‖et‖)(|vt |‖et‖)

for eacht ∈ N, and hence lim
t→∞

|ωt ||λt ||ut ||vt | = 0, byu∈ D(A) andv∈ D(A)⊂ Eω. Next, it

is straightforward to check thatψ is a non-Archimedean bilinear form.

If ψ : D(ψ)×D(ψ)⊂Eω×Eω 7→K is a non-Archimedean bilinear form, thenq denotes
the non-Archimedeanquadratic formassociated withψ and is defined byq(u) = ψ(u,u)
for eachu ∈ D(ψ) = D(q). Thus one can easily check that the relationship between the
quadratic formq and the non-Archimedean bilinear formψ can be expressed as

4 . ψ(u,v) = q(u+v)−q(u−v), ∀u,v∈ D(ψ). (5.2.6)
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Furthermore,

2 . [q(u)+q(v)] = q(u+v)+q(u−v) (5.2.7)

for all u,v∈ D(ψ).
Let φ,ψ be p-adic bilinear forms. One defines thep-adic form sum of these non-

Archimedean bilinear forms by setting




D(φ+ψ) = D(φ)∩D(ψ),

(φ+ψ)(u,v) = φ(u,v)+ψ(u,v)

for all u,v∈ D(φ)∩D(ψ).
Similarly, D(λ . φ) =D(φ)and(λ . φ)(u,v) = λ . φ(u,v) for all λ ∈ K−{0} andu,v∈

D(φ).

5.3 Closed and Closable non-Archimedean Bilinear Forms

Let a be a non-Archimedean (unbounded) bilinear form. As in the classical context one
defines the so-calledφ-convergence as follows.

Definition 33. A sequence(xt)t∈N ∈ Eω is said to beφ-convergent tox ∈ Eω if (xt)t∈N ∈
D(φ), xt 7→ x in Eω andq(xt −xs) 7→ 0 in K ast,s 7→ ∞.

The φ-convergence of a sequence(xt )t∈N ∈ Eω to x ∈ Eω will be denoted by
x = φ− lim

t→∞
xt . As in the classical context, note that theφ-limit, x, appearing in Defini-

tion 33, may or may not belong toD(φ).

Example 26.Consider the non-Archimedean bilinear formφ (respectively, its correspond-
ing quadratic formq) given in Example 25 withK = Qp, the field of p-adic numbers
equipped with thep-adic absolute value| · |. (p ≥ 2 being a prime.) Supposeωt = pt for
eacht ∈ N and thatλt = p−t for eacht ∈ N.

Clearly, lim
t→∞

|λt | = ∞, and





D(A) = {u = (ut)t∈N ∈ Eω : lim
t→∞

p
t
2 |ut | = 0},

Au=
∞

∑
t=0

ptutet for each u =
∞

∑
t=0

utet ∈ D(A), and

q(u) =
∞

∑
t=0

u2
t for each u =

∞

∑
t=0

utet ∈ D(A).

Here,
D(φ) =D(q) = {u = (ut)t∈N ∈ Eω : lim

t→∞
|ut | = 0}.
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Clearly,D(A)⊂ D(φ)since|ut | ≤ p
t
2 |ut | 7→ 0 ast 7→ ∞ wheneveru = (ut)t∈N ∈ D(A).

Now consider the sequence defined byys
t = p3t+s for eacht,s∈N. One can easily check

that(ys)s∈N ∈ D(A), ys
t 7→ 0 ass 7→ ∞ for eacht ∈ N, and

q(ys−yr) = (ps− pr)2 ∑
t∈N

p6t 7→ 0 in Qp as s, r 7→ ∞

and henceφ− lim
s→∞

ys = 0.

Definition 34. A non-Archimedean bilinear formφ is said to be closed ifx = φ− lim
t→∞

xt

yieldsx∈ D(φ)and thatq(xs−x) 7→ 0 ass 7→ ∞.

Theorem 15.Let a: D(φ)×D(φ) 7→K be a bounded non-Archimedean bilinear form. Then
φ is closed if and only if D(φ) is a closed subspace ofEω.

Proof. Suppose thatφ is a closed bounded non-Archimedean bilinear form, i.e.,φ is closed
and there existsM ≥ 0 such that

|φ(u,v)| ≤ M .‖u‖ .‖v‖, ∀(u,v) ∈ D(φ)×D(φ).

Let (us)s∈N ∈ D(φ)such thatus 7→ u in Eω. So we have to show thatu∈ D(φ). Now from
the boundedness ofφ and the fact that(us)s∈N is a Cauchy sequence inEω (us 7→ u in Eω)
it is clear thatq(ut −us) 7→ 0 ast,s 7→ ∞ whereq is the quadratic form associated withφ,
and henceu = φ− lim

s→∞
us. Using the closedness ofφ it follows thatu∈ D(φ), and therefore

D(φ) is a closed subspace ofEω.
Conversely, suppose thatD(φ) is a closed subspace ofEω and letu = φ− lim

s→∞
us. Thus

(us)s∈N ∈ D(φ), us 7→ u in Eω ass 7→ ∞, andq(ut − us) 7→ 0 ast,s 7→ ∞. SinceD(φ) is
closed, thenu∈ D(φ). Again, by the boundedness ofφand the factus 7→ u in Eω ass 7→ ∞
it follows thatq(ut −u) 7→ 0 ast 7→ ∞, and henceφ is closed.

5.3.1 Closedness of the Form Sum

Definition 35. Let φt (t = 1,2, ...n) be n non-Archimedean bilinear forms and letqt (t =
1, ...n) be the associated quadratic forms, respectively. One says that the sequence of non-
Archimedean bilinear forms(φt)t=1,...n is quadratically disjointif its satisfies

|q1(u)| 6= |q2(u)| 6= ... 6= |qn(u)| (5.3.1)

for each 06= u∈ D(φ1)∩D(φ2)∩ ...∩D(φn).

Theorem 16.Let (φt)t=1,...n be a (finite) sequence of bilinear forms such that eachφt (t =
1,2, ...,n) is closed. If (5.3.1) holds, then the form sumφ= φ1 +φ2 + ....+φn with domain
D(φ) =D(φ1)∩D(φ2)∩ ...∩D(φn) is closed.
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Proof. Supposeφ− lim
s→∞

us = u for some sequence(us)s∈N. Clearly, if the sequence(us)s∈N

is constant, then there is nothing to prove. Now suppose that(us)s∈N is a nonconstant
sequence. Consequently,

q1(ut −us)+q2(ut −us)+ ...+qn(ut −us) 7→ 0 as t,s 7→ ∞.

Clearly, among the natural integers, 1, 2, 3, ...,n, there existsk0 such that

|q1(ut −us)+q2(ut −us)+ ...+qn(ut −us)| = |qk0(ut −us)|.

Namely,

|qk0(ut −us)| = max(|q1(ut −us)|, |q2(ut −us)|, ..., |qn(ut −us)|),

by using (5.3.1) and the factK is non-Archimedean. And hence

|qk0(ut −us)| 7→ 0 as t,s 7→ ∞.

Consequently,ak0 − lim
s→∞

us = u, and thereforeu∈ D(φk0) andqk0(us−u) 7→ 0 ass 7→ ∞.

Using the fact that|qr(ut −us)| < |qk0(ut −us)| for eachr = 1,2, ...n with r 6= k0 it easily
follows thatu∈ D(φr) andqr(us−u) 7→ 0 for eachk = 1,2, ...,n with r 6= k0 ass 7→ ∞.

In summary,u ∈ D(φ) andq(us−u) 7→ 0 ass 7→ ∞, whereq = q1 + q2 + ...+ qn, and
thereforeφ is closed.

Remark 20.(1) Theorem 6 still holds when the quadratically disjoint assumption, Eq.
(5.3.1), is replaced by thestrictly increasingassumption given by

|q1(u)| < |q2(u)| < ... < |qn(u)|.

for each 06= u∈ D(φ1)∩D(φ2)∩ ...∩D(φn).
(2) In the classical context one makes use of both the closedness and the positiveness of

the real part of each formφt (t = 1,2, ...,n) to deduce the closedness of the form sum
φ. Here, the situation is much more tricky since there is no notion of positiveness in a
general non-Archimedean fieldK.

Corollary 5. Let φ : D(φ)×D(φ)⊂ Eω×Eω 7→ K be a closed non-Archimedean bilinear

form. Suppose that
∣∣∣∣∣

∞

∑
t=0

ωtu
2
t

∣∣∣∣∣ 6= |φ(u,u)| for all nonzero u=
∞

∑
t=0

utet ∈ D(φ).

Then the form sumψ defined byψ(u,v) := 〈u,v〉+φ(u,v) for all u,v∈ D(φ) is closed.
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Proof. Suppose that

∣∣∣∣∣
∞

∑
t=0

ωtu
2
t

∣∣∣∣∣< |φ(u,u)| each u =
∞

∑
t=0

utet ∈ D(φ) with u 6= 0. (when
∣∣∣∣∣

∞

∑
t=0

ωtu
2
t

∣∣∣∣∣> |φ(u,u)|, one follows along the same lines as the case being treated.) Set

ξ(u,v) = 〈u,v〉 for all u,v ∈ Eω where〈·, ·〉 is the inner product ofEω defined in (2.3.2).
Clearly ξ is bounded, by the Cauchy-Schwarz inequality. Now sinceD(ξ) = Eω, thenξ
is closed, by Theorem 15. One completes the proof by settingψ = φ+ ξ and apply it to
Theorem 6.

5.3.2 Construction of a non-Archimedean Hilbert Space Using Quadratic Forms

Let φ : D(ζ)×D(ζ) ⊂ Eω×Eω 7→ K be a non-degenerate non-Archimedean bilinear form.
Define

〈u,v〉ζ := 〈u,v〉+ ζ(u,v) (5.3.2)

for all u,v∈ D(ζ), and

‖u‖2
q := max(|q(u)|,‖u‖2) (5.3.3)

for eachu ∈ D(ζ), whereq is the quadratic form associated with the non-Archimedean
bilinear formζ.

One requires the following assumption

|q(u+v)| ≤ max(|q(u)|, |q(v)|) (5.3.4)

for all u,v∈ D(ζ).
One can easily check that〈·, ·〉ζ is symmetric, non-degenerate form onD(ζ)×D(ζ) with

values inK. Under assumption (5.3.4) it is clear that‖ · ‖q is a non-Archimedean norm on
D(ζ). Indeed, for allu,v∈ D(ζ)

‖u+v‖2
q = max(|q(u+v)|,‖u+v‖2)

≤ max
[
max(|q(u)|, |q(v)|),max(‖u‖2,‖v‖2)

]

= max
(
|q(u)|, |q(v)|,‖u‖2,‖v‖2)

≤ max(‖u‖2
q,‖v‖2

q,‖u‖2
q,‖v‖2

q)

= max(‖u‖2
q,‖v‖2

q).

In other words,‖u+v‖q ≤ max(‖u‖q,‖v‖q), and hence‖.‖q is a non-Archimedean
norm overD(ζ). Let Eq denote the normed non-Archimedean space(D(ζ),‖ · ‖q).

Theorem 17.Letζ be a non-degenerate non-Archimedean bilinear form over D(ζ)×D(ζ).
Suppose that (5.3.4) holds. Then,ζ is closed if and only ifEq is complete.
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Proof. Suppose thatζ is closed and let(us)s∈N ∈ D(ζ) be a Cauchy sequence inEq.
Thus‖ut −us‖2

q = max(|q(ut −us)|,‖ut −us‖2) 7→ 0 ast,s 7→ ∞. Now from the fact that
‖ · ‖2

q ≥ |q(·)|, ‖ · ‖2 it easily follows that

‖ut −us‖, |q(ut −us)| 7→ 0 as t,s 7→ ∞,

and hence there existsu∈Eω such thatus 7→ u ass 7→∞ andq(ut −us) 7→ 0 in K ast,s 7→∞.
In other words,(us)s∈N is ζ-convergent tou. Sinceζ is closed it follows thatu∈ D(ζ) and
q(us−u) 7→ 0 in K ass 7→ ∞. In summary,‖us−u‖q 7→ 0 ass 7→ ∞, and therefore,Eq is
complete.

Conversely, suppose thatEq is complete and letu = ζ − lim
s→∞

us for some sequence

(us)s∈N. Thus(us)s∈N ∈ D(ζ), us 7→ u in Eω, andq(ut −us) 7→ 0 ast,s 7→ ∞. It is routine to
see that‖ut −us‖q 7→ 0 ast,s 7→ ∞. Now sinceEq is complete there existsv∈ D(ζ) = Eq

such that‖us−v‖q 7→ 0 ass 7→ ∞. Now‖us−v‖q ≥ ‖us−v‖, henceus 7→ v in Eω ass 7→ ∞.
Using the uniqueness of the limit we deduce thatu= v. We then conclude thatq(us−u) 7→ 0
ass 7→ ∞, that is,q is closed.

Remark 21.In view of the proof of Theorem 17, ifζ is a non-degenerate form whose corre-
sponding quadratic form satisfies (5.3.4), thenζ − lim

s→∞
us = u if and only if ‖ut −us‖q 7→ 0

ast,s 7→ ∞. Furthermore,u∈ D(ζ), ζ − lim
s→∞

us = u if and only if ‖us−u‖q 7→ 0 ass 7→ ∞.

If the non-degenerate formζ is closed and if (5.3.4) holds, then the spaceEq is called
a p-adic Hilbert space when it is equipped with theK-form given by (5.3.2). Furthermore,
if one supposes thatζ is bounded with bound≤ 1 it is routine to check that the Cauchy-
Schwarz inequality is satisfied. Indeed,

|〈u,v〉ζ | = |〈u,v〉+ ζ(u,v)|
≤ max(|〈u,v〉|, |ζ(u,v)|)
≤ max(‖u‖‖v‖,‖u‖‖v‖)
= ‖u‖‖v‖
≤ ‖u‖q‖v‖q for all u,v∈ Eq.

5.3.3 Further Properties of the Closure

Let φ,ψ be non-Archimedean bilinear forms. One says thatφ is an extension ofψ and
denote itψ ⊂ φ if D(ψ)⊂ D(φ)andψ(u,v) = φ(u,v) for all u,v∈ D(ψ).

Definition 36. A non-Archimedean bilinear formφ is said to beclosableif it has a closed
extension.

Theorem 18.Let φ be a non-degenerate non-Archimedean bilinear form. Suppose that
q, the corresponding quadratic form toφ satisfies Eq. (5.3.4). Ifφ is closable, then

φ− lim
s→∞

us = 0 yields q(us) → 0 as s7→ ∞.
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Proof. Let φ denote a closed extension ofφ. Clearly, the statementφ− lim
s→∞

us = 0 yields

φ− lim
s→∞

us = 0 . Now if q is the quadratic form associated withφ it is clear thatq(u) = q(u)

for eachu ∈ D(φ) ⊂ D(φ), and henceq(us) = q(us) = q(us− 0) 7→ 0 ass 7→ ∞, by the
closedness ofφ.

Remark 22.When φ is closable, the smallest closure in the sense of the extension of
quadratic forms is called theclosureof φand denoted byφ. Clearly,D(φ)⊂ D(φ).

5.4 Representation of Bilinear Forms onEω×Eω by Linear Operators

Definition 37. A bilinear formφ : D(φ)×D(φ) 7→ K is said to be representable whether
there exists a (possibly unbounded) linear operator A: D(A) 7→ Eω such that

φ(u,v) = 〈Au,v〉, ∀u∈ D(A),v∈ D(φ).

In this section we examine the representation of (unbounded) bilinear forms onEω×Eω

by linear operators. Namely, it will be shown that each non-degenerate bilinear formφ on
Eω×Eω is representable whenever

lim
i→∞

(
|φ(ei ,ej)|

‖ei‖

)
= 0. (5.4.1)

Moreover, ifA denotes the linear operator onEω associated with the formφ, then the
adjointA∗ of A does exist provided that the following holds: for eachj ∈ N,

lim
i→∞

(
|φ(ei ,ej)|

‖ei‖

)
= lim

i→∞

(
|φ(ej ,ei)|

‖ei‖

)
= 0. (5.4.2)

Theorem 19.Letφ: D(φ)×D(φ) 7→K be a non-degenerate unbounded bilinear form. Then
φ is representable whenever assumption (5.4.1) holds. Moreover, if A denotes the linear
operator associated withφ, then the adjoint A∗ of A exists whenever assumption (5.4.2)
holds.

Proof. Suppose that assumption (5.4.1) holds. For allu= (ui)i∈N,v= (vj) j∈N ∈D(φ), write

φ(u,v) =
∞

∑
i, j=0

φ(ei ,ej) uivj , with ∀ j ∈ N, lim
i→∞

(
|ui | . |φ(ei ,ej)|1/2

)
= 0.

Define the linear operatorA onEω as follows:





D(A) := {u = (ui)i∈N ∈ Eω : lim
i→∞

|ui | ‖Aei‖ = 0},

Au= ∑
i, j∈N

[
φ(ei ,ej)

ωi

]
(e′j ⊗ei)u, ∀u = (ui)i∈N ∈ D(A).
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Obviously,A is well-defined. Indeed, for allj ∈ N,

lim
i→∞

∣∣∣∣
φ(ei ,ej)

ωi

∣∣∣∣‖ei‖ = lim
i→∞

|φ(ei ,ej)|
‖ei‖

= 0,

by using (5.4.1).
Now

Au= ∑
j∈N

1
ωj

(
∑
i∈N

uiφ(ei ,ej)

)
ej , ∀u = (ui)i∈N ∈ D(A),

and hence for eachi ∈ N, 〈Aei,ei〉 = φ(ei ,ei).
Moreover,D(A)⊂D(φ). Indeed, ifu= (ui)i∈N ∈D(A), then using the Cauchy-Schwarz

inequality it follows that,∀i ∈ N,

|ui |2 |φ(ei ,ei)| = |ui |2 .‖ei‖ .

(
|φ(ei ,ei)|
‖ei‖

)

= |ui |2 .‖ei‖ .

(
|〈Aei ,ei〉|

‖ei‖

)

≤ |ui |2 .‖ei‖ .‖Aei‖
= (|ui | .‖ei‖) .(|ui | .‖Aei‖),

and hence lim
i→∞

(
|ui | . |φ(ei ,ei)|1/2

)
= 0, that is,u∈ D(φ).

Note thatuivkφ(ei ,ek) → 0 asi,k → ∞, by using the fact that (u ∈ D(A) ⊂ D(φ) and
v∈ D(φ)):

|uivkφ(ei ,ek)| =
(
|ui ||φ(ei ,ek)|1/2

)
.
(
|φ(ei ,ek)|1/2|vk|

)
→ 0, as i,k→ ∞,

and hence

∑
k∈N

∑
i∈N

uivkφ(ei ,ek) = ∑
i∈N

∑
k∈N

uivkφ(ei ,ek),

according to a result by Cassels [7]. Consequently, the following successive equalities are
justified:

〈Au,v〉 = ∑
k∈N

ωkvk
1

ωk

(
∑
i∈N

uiφ(ei ,ek)

)

= ∑
k∈N

vk

(
∑
i∈N

uiφ(ei ,ek)

)

= ∑
i,k∈N

φ(ei ,ek)uivk

= φ(u,v)

for all u = (ui)i∈N ∈ D(A) andv = (vk)k∈N ∈ D(φ).
Furthermore, the uniqueness ofA is guaranteed by the fact thatφ is non-degenerate. It

remains to show thatA∗, the adjoint ofA exists; this can be done as in the bounded case.
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Example 27.Consider the bilinear form defined by

φ(u,v) = ∑
i, j∈N

πi j .uivj , ∀u = (ui)i∈N,v = (vi)i∈N ∈ D(φ)

where(πi j )i, j∈N ⊂ K is an arbitrary sequence, and the domainD(φ) of φ is defined as
follows:

D(φ) ={u = (ui)i∈N ∈ Eω : lim
i→∞

(
|ui | . |πi j |1/2

)
= 0}.

Note thatφ(ei ,ej) = πi j for all i, j ∈ N and hence an equivalent of assumption (5.4.1) is:

lim
i→∞

|πi j |
‖ei‖

= 0. (5.4.3)

Upon making assumption (5.4.3), the unique (possibly unbounded) linear operator as-
sociated withφ is given by

Au=

(
∑

i, j∈N

πi j

ωi
e′j ⊗ei

)
u, ∀u = (ui)i∈N ∈ D(A)

whereD(A) = {u = (ui)i∈N ∈ Eω : lim
i→∞

‖Aei‖ . |ui | = 0}.

If in addition, lim
i→∞

(
|πi j |
‖ei‖

)
= lim

i→∞

(
|πji |
‖ei‖

)
= 0, then the adjointA∗ of A does exist.

Corollary 6. Letφ: D(φ)×D(φ) 7→K be a non-degenerate (unbounded) symmetric bilinear
form. Thenφ is representable whenever assumption (5.4.1) holds. Moreover, if A denotes
the linear operator associated withφ, then the adjoint A∗ of A exists with A= A∗.

5.5 Bibliographical Notes

This chapter consists of a preliminary work by the author on non-Archimedean bilinear
forms. All the results of this chapter are quite new and can be found in Diagana[11, 21].





Chapter 6

Functions of Some Self-adjoint Linear
Operators onEω
6.1 Introduction

Fractional powers of closed linear operators play a key role in many fields such as the theory
of analytic semigroups, existence and uniqueness of solutions of solutions to some partial
differential equations, stochastic processes, and enable us to handle the well-knownsquare
root problem of Kato(see,[13], [14], [15], and[16]) 1.

Among other things, an important and challenging objective in a near future consists of
formulating a non-Archimedean version of the square root problem of Kato. That obviously
requires the introduction in the literature of a non-Archimedean theory of fractional powers
for (general) closed unbounded linear operators.

This chapter considers some preliminary investigations by the author on integer powers
as well as functions of (possibly unbounded) of some specific linear operators onEω. As an
illustration, we will construct functions of a 2×2 symmetric matrix onQp×Qp. However,
one should point out that several questions related to fractional powers of general closed
linear operators in the non-Archimedean context still remain.

6.2 Products and Sums of Diagonal Operators

Let (λt)t∈N ⊂ K be a sequence satisfying (4.4.1) and letA be a diagonal operator defined
onEω by

D(A) = {x = (xt)t∈N ∈ Eω : lim
t

|λt | . |xt | .‖et‖ = 0},

and
Ax= ∑

t∈N
λtxtet , ∀x∈ D(A).

Now, letB∈U(Eω) be another diagonal operator onEω defined by,

1 Note that the square root problem of Kato in the classical setting amounts to showing that for some regular
linear operatorsA, D(A1/2) = D(A∗1/2).
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D(B) = {x = (xt)t∈N ∈ Eω : lim
t

|µt | . |xt | .‖et‖ = 0},

and
Bx= ∑

t∈N
µtxtet , ∀x∈ D(B),

where(µt)t∈N ⊂ K, then the algebraic sumA+B of A andB is defined by




D(A+B) = D(A)∩D(B),

(A+B)x= Ax+Bx,

for all x∈ D(A)∩D(B).
As a straightforward consequence of Proposition 28 we have

Corollary 7. Under (4.4.1), suppose that|µt | < |λt | for each t∈ N, then A+ B is self-
adjoint. Furthermore,

ρ(A+B) = {λ ∈ K : λ 6= λt +µt , ∀t ∈ N}, and

‖(A+B−λ)−1‖ = sup
t∈N

(
1

|λ− (λt +µt)|

)

for eachλ ∈ ρ(A+B).

Proof. First of all, note that(A+ B)x = ∑
t∈N

(λt +µt)xtet for eachx = (xt)t∈N ∈ D(A+ B),

where
D(A+B) = {x = (xt)t∈N : lim

t→∞
|λt +µt | . |xt | .‖et‖ = 0}.

From |µt | < |λt | for eacht ∈ N it follows that |λt + µt | = |λt | for all t ∈ N, and hence,
D(A+B) = D(A).

Now, A+B is well-defined since

lim
t→∞

|λt +µt | |xt |‖et‖ = lim
t→∞

|λ i | |xt | ‖et‖ = 0.

Note thatA+B is diagonal with coefficientsγt = λt +µt , where lim
t→∞

|γt | = lim
t→∞

|λt | = ∞,

by (4.4.1). To complete the proof one follows along the same line as in the proof of Propo-
sition 28.

Let (µt) ⊂ K be a sequence. Similarly, the productAB of the diagonal operatorsA and
B is defined by: 




D(AB) ={x∈ D(B) : Bx∈ D(A)},

(AB)x = A(Bx), ∀x∈ D(AB).

It can be easily checked that,(AB)x = ∑
t∈N

λtµtxtet , for eachx = (xt )t∈N ∈ D(AB), where

D(AB) ={x = (xt)t∈N : lim
t→∞

|λt | . |µt | . |xt | .‖et‖ = 0}.
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Corollary 8. If lim
t→∞

|λtµt | = ∞, then the product AB of A and B is self-adjoint. Furthermore,

ρ(AB) ={λ ∈ K : λ 6= λtµt , ∀t ∈ N}, and

‖(AB−λ)−1‖ = sup
t∈N

(
1

|λt µt −λ|

)

for eachλ ∈ ρ(AB).

6.3 Integer Powers of Diagonal Operators

For µ = (µt)t∈N ⊂ K, let J(µ) denote the collection ofz ∈ Z such that
lim
t→∞

|µt
z| = lim

t→∞
|µt |z = ∞, that is,

J(µ) ={z∈ Z : lim
t→∞

|µt
z| = lim

t→∞
|µt |z = ∞}.

Remark 23.If λ = (λt)t∈N,µ= (µt)t∈N are sequences of elements inK, one has the follow-
ing properties:

(1) If z,z′ ∈ J(λ), thenz+z′, zz′ ∈ J(λ);
(2) J(λ) = J(|λ|);
(3) J(λ +µ) =J(max(|λ|, µ|)) whenever|λ| 6= |µ|;
(4) J(µ) ⊂ J(λ) whenever|µ| ≤ |λ|;
(5) 0 6∈ J(λ) for eachλ;
(6) J(0) = Z−−{0}, the set of nonzero negative integers;
(7) J(λ)∩J(λ−1) = { /0};
(8) J(1K) = { /0}.

Definition 38. Let z∈ J(λ). Define integer powers(Az)z∈Z−{0} of the diagonal operatorA
by: 




D(Az) = {x = (xt)t∈N ⊂ K : lim
t

|λt |z. |xt | .‖et‖ = 0},

Azx = ∑
t∈N

λt
zxtet for each x = (xt)t∈N ∈ D(Az),

(6.3.1)

where(λt)t∈N ⊂ K. Similarly, one definesA0 = I , whereI is the identity operator onEω.

Example 28.SupposeK = Qp where p ≥ 2 is a prime number. Consider the diagonal
operatorA defined by:

D(A) = {x = (xt)t∈N ⊂ Qp : lim
t

|λt | . |xt | .‖et‖ = 0},

and
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Ax= ∑
t∈N

λtxtet , ∀x∈ D(A),

whereλt = ppt
for eacht ∈ N.

It is easy to see thatJ(λ) = Z−−{0}, the set of all nonzero negative integers. In this
event, for eachz∈ Z−−{0}, one definesAz by:

D(Az) = {x = (xt)t∈N ⊂ Qp : lim
t

p−zpt |xi |‖et‖ = 0}

and
Azx = ∑

t∈N
pzpt

xtet , ∀x∈ D(A).

Using previous results, one can easily see thatAz is self-adjoint and that

ρ(Az) = {λ ∈ Qp : λ 6= ppt
, ∀t ∈ N}.

Proposition 31.Let z,z′ ∈ J(λ). If A is a diagonal operator with(λt)t∈N ⊂ K as a corre-

sponding sequence, then

(1) Az.Az′ = Az+z′;
(2) (Az)z′ = Azz′.

Proof. (1) If x = ∑
t∈N

xtet ∈ D(Az.Az′), thenAzAz′x = ∑
t∈N

λt
z+z′xtet . Next we use the fact that

z,z′ ∈ J(λ) yield z+z′ ∈ J(λ) (see Remark 29).
(2) Similarly, if x = ∑

t∈N
xtet ∈ D((Az)z′), then(Az)z′x = ∑

t∈N
λt

zz′xtet . Using Remark 29 it

easily follows that(Az)z′ = Azz′.

Proposition 32.If z ∈ J(λ), then Az is self-adjoint. Furthermore,ρ(Az) = {λ ∈ K : λ 6=
λz

t , ∀t ∈ N}, and

‖(Az−λ)−1‖ = sup
t∈N

(
1

|λz
t −λ|

)

for eachλ ∈ ρ(Az).

Proof. First of all, note thatAzx = ∑
t∈N

λt
zxtet , ∀x = (xt)t∈N ∈ D(Az) with D(Az) = {x =

(xt)t∈N ⊂ K : lim
t→∞

|λt |z |xt | ‖et‖ = 0}. Sincez∈ J(λ) it follows thatAz is well-defined.

Note thatAz is a diagonal operator corresponding toγt = λt
z with lim

t→∞
|γt | = ∞, by

z∈ J(λ). So to complete the proof one follows along the same line as in the proof of
Proposition 28.

Proposition 33.Let A,B be diagonal operators onEω. If λ = (λt)t∈N, µ = (µt)t∈N are
respectively the corresponding sequences to the diagonal operators A and B, and if|λt | 6=
|µt | for each t∈N andJ(λ)∩J(µ)∩Z+ 6= /0 (Z+ being the set of all natural numbers), then

D((A+B)z) = D(Az)∩D(Bz) = D((A+B)∗z),

for each z∈ J(λ)∩J(µ)∩Z+.
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Proof. Using the fact that|λt | 6= |µt | for eacht ∈ N it easily follows that

|λt +µt |z = max(|λt |z, |µt |z) (6.3.2)

for all t ∈ N, z∈ Z+. In particular, (6.3.2) holds for eachz∈ J(λ)∩J(µ)∩Z+.
Now the operator(A+B)z is defined by:

(A+B)zx = ∑
t∈N

(λt +µt)
zxtet

for eachx = (xt)t∈N ∈ D((A+B)z), where

D((A+B)z) = {x = (xt)t∈N ⊂ K : lim
t→∞

|λt +µt |z |xt | ‖et‖ = 0}

= {x = (xt)t∈N : lim
t→∞

max(|λt |z, |µt |z) |xt | ‖et‖ = 0}

= D(Az)∩D(Bz).

It is also clear that(A+ B)z is self-adjoint for eachz∈ J(λ) ∩ J(µ)∩Z+, and hence
(A+B)z = (A+B)∗z.

Remark 24.In view of Definition 38, the point now is how to define integer powers of a
general unbounded linear operatorA defined by

Aψ = ∑
ts

ats(e′s⊗et)ψ, ∀ψ∈ D(A).

It is clear that whetherA is a self-adjoint linear operator onEω whose point spectrum
is given by a sequence(γt)t∈N and if the sequence( ft)t∈N is its corresponding orthogonal
eigenfunctions, thenAcan be seen as a diagonal operator in( ft)t∈N, and hence Definition 38
can be applied to it. More generally, iff : K 7→ K is an analytic functions whose domain
Dom( f ) contains the sequence(γt )t∈N, then one can definef (A). The latter point will be
investigated in Section 6.4.

Another interesting question concernsfractional powersof a general unbounded linear
operatorA defined by

Aφ= ∑
ts

ats(e′s⊗et)φ, ∀φ∈ D(A),

including diagonal operators. A partial answer to this question is given as follows: consider
M , the set of all (complete) non-Archimedean fields(K, | · |) such that ifλ ∈K, thenλq ∈K
for someq ∈ Q, and|λq| = |λ|q. Clearly, if K ⊂ M , then the fractional powers of every
diagonal operator on (as a non-Archimedean Hilbert space overK) Eω are defined as for
diagonal operators, see Definition 38. Next, one applies the previous method to those self-
adjoint operators onEω whose point spectrums are given by sequences as above to define
their functions.
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6.4 Functions of Self-Adjoint Operators

This section is a generalization of the previous one and introduces functions of some spe-
cific self-adjoint operators onEω. Namely, we construct functions of a self-adjoint (pos-
sibly unbounded) operatorT on Eω whose point spectrumσp(T), is given by a sequence
(γt)t∈N ⊂ K. For that, let(ht)t∈N denote the sequence of eigenfunctions associated with the
eigenvalues(γt)t∈N, that is,

Tht = γtht

for eacht ∈N. As in the classical context, one can easily check that〈ht ,hs〉= ϖtδts for some
(ϖt)t∈N ⊂K−{0}. For the sake of simplicity, we suppose that(ht)t∈N is an orthogonal base
for Eω. To achieve the latter goal, we assume that there exists a nontrivial isometric linear
bijectionV such that:

Vet = ht for all t ∈ N.

Consequently,
〈ht ,hs〉 = 〈Vet ,Ves〉 = ϖtδts,

and
‖ht‖2 = |ϖt | = |ωt |

for eacht ∈ N.
Clearly, for eachu ∈ Eω, u = ∑

t∈N
utht with lim

t→∞
|ut |‖ht‖ = 0, where‖ht‖ = |ωi |1/2, for

eacht ∈ N. Moreover, the operatorT can be rewritten in the base(ht)i∈N as




D(T) = {u = (ut)t∈N ∈ Eω : lim
t→∞

|ut ||γt |‖ht‖ = 0},

Tu := ∑
t∈N

γtutht , for each u = (ut)t∈N ∈ D(T).

Thus if f : K 7→ K is analytic, and if eachγt for t ∈ N belongs toDom(f ), the domain
of f , one then definesf (T) by





D( f (T)) = {u = (ut)t∈N ∈ Eω : lim
t→∞

|ut || f (γt)|‖ht‖ = 0},

f (T)u := ∑
t∈N

f (γt)utht , for each u = (ut)t∈N ∈ D( f (T)).

Using Proposition 28, the following holds:

Proposition 34.Under previous assumptions, the operator f(T) defined above is self-
adjoint. Furthermore,

ρ( f (T)) = {γ∈ K : λ 6= f (γt), ∀t ∈ N}, and

‖( f (T)−λ)−1‖ = sup
t∈N

(
1

| f (γt )−λ|

)

for eachλ ∈ ρ( f (T)).
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If f ,g : K 7→ K are analytic functions such thatσp(T) ⊂ Dom( f )∩Dom(g), then the
following hold:

(1) (α f )(T) = α f (T) for all α ∈ K;
(2) D( f (T)+g(T)) ⊂ D(( f +g)(T));
(3) D( f (T)g(T)) ⊂ D(( f g)(T));
(4) If f (x) = atxt +at−1xt−1 + ...+a1x+a0 ∈ K[x], then

f (T) = atT
t +at−1Tt−1 + ...+a1T +a0I

with D( f (T)) = D(Tt);
(5) ‖ f (T)‖ = sup

t∈N
| f (γt )|.

6.5 Functions of Some Symmetric Square Matrices OverQp×Qp

Throughout of this section, we letp denote anodd prime. This section illustrates in some
extent our previous construction. Namely, iff : Qp 7→Qp is an analytic function, we give an
explicit formula for f (T) whereT is a 2×2 symmetric matrix overQp×Qp andσp(T) ⊂
Qp. In particular, if f is either f (x) = xn or f (x) = x−n, or f (x) = expp(x) for x∈ Zp such

that|x|< p
−p
p−1 , then the formula forf (T) will be considered.

Here, we consider 2×2 (symmetric) square matricesT overQp×Qp:

T =

(
a b
b a

)
, a,b∈ Qp.

From now on, we suppose thata,b∈ Qp−{0}. Moreover, the direct sumQp×Qp will
be equipped with the non-Archimedean norm and the inner product defined respectively by:

For all

(
x
y

)
,

(
u
v

)
∈ Qp×Qp,

‖

(
x
y

)
‖ = max(|x|, |y|)

and

〈
(

x
y

)
,

(
u
v

)
〉 = xu+yv

where| · | is thep-adic absolute value.

In view of the above,‖e1‖ = ‖

(
1
0

)
‖ = 1, ‖e2‖ = ‖

(
0
1

)
‖ = 1, and

〈es,et〉 = δst, s, t = 1,2,

whereδst are the Kronecker symbols.
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It is not hard to see thatσ(T) = σP(T) = {a−b,a+ b}. Moreover, it is clear thatφ=(
1
−1

)
andψ =

(
1
1

)
are respectively the eigenvectors associated with the eigenvalues

a−b anda+b.
Consider the nontrivial linear bijectionV defined onQp×Qp by

V =




1 1

−1 1




whose inverseV−1 is given by

V−1 =




1/2 −1/2

1/2 1/2


 .

Moreover,Ve1 = φandVe2 = ψ. Clearly,{φ,ψ} is also an orthogonal base ofQp×Qp.

Furthermore, each

(
x
y

)
= xe1 +ye2 ∈ Qp×Qp can be uniquely expressed as

(
x

y

)
=
[

x−y
2

]
.φ+

[
x+y

2

]
.ψ.

Clearly,T considered in{φ,ψ} can be rewritten as

T =

(
a−b 0

0 a+b

)
, a,b∈ Qp,

or

T

(
x
y

)
= (a−b)

[
x−y

2

]
.φ+(a+b)

[
x+y

2

]
.ψ.

Using our previous setting, iff : Qp 7→ Qp is an analytic function whose domain con-
tainsσ(T), then

f (T)

(
x
y

)
=
[

x−y
2

]
f (a−b)φ+

[
x+y

2

]
f (a+b)ψ

=
[

x−y
2

]
f (a−b)

(
1
−1

)
+
[

x+y
2

]
f (a+b)

(
1
1

)

=




[
x−y

2

]
f (a−b)+

[
x+y

2

]
f (a+b)

−
[

x−y
2

]
f (a−b)+

[
x+y

2

]
f (a+b)



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for all

(
x
y

)
∈ Qp×Qp.

Clearly,

f (T) =




f (a−b)+ f (a+b)
2

f (a+b)− f (a−b)
2

f (a+b)− f (a−b)
2

f (a−b)+ f (a+b)
2


 .

Note thatf (T) is also a symmetric matrix whose eigenvalues are given by:

σ( f (T)) = { f (a−b), f (a+b)} = f (σ(T)).

6.5.1 The Powers of the MatrixT

We are interested to finding explicit expressions of bothTn andT−n for n = 1,2,3, .... For
that we take respectivelyf (x) = xn, x∈ Qp and f (x) =x−n, x∈ Qp−{0}.

We have

Tn =




(a−b)n +(a+b)n

2
(a+b)n− (a−b)n

2

(a+b)n− (a−b)n

2
(a−b)n +(a+b)n

2


 .

If a−b,a+b∈ Qp−{0}, then

T−n =




(a−b)−n +(a+b)−n

2
(a+b)−n− (a−b)−n

2

(a+b)−n− (a−b)−n

2
(a−b)−n +(a+b)−n

2


 .

6.5.2 Exponential of the Matrix T

To defineeT , the exponential matrix ofT, we suppose that botha−b anda+ b belong to
the domain of thep-adic exponential, i.e.,a+b,a−b∈Zp such that|a−b|, |a+b|< p

−p
p−1 .

Under previous assumptions,eT is defined by:

eT =




expp(a−b)+expp (a+b)
2

expp (a+b)−expp (a−b)
2

expp(a+b)−expp (a−b)
2

expp (a−b)+expp (a+b)
2


 ,

where expp(·) denotes thep-adic exponential function.
As previously,eT is also symmetric with eigenvalues given by:

σ(eT) = {expp(a−b),expp(a+b)} = expp(σ(T)).
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6.6 Open Problems

Problem 1.Let T be an arbitrary (possibly unbounded) self-adjoint linear operator onEω.
Construct fractional powers ofT.

Problem 2.Let T be an arbitrary (possibly unbounded) normal linear operator onEω.
As in Problem 1, Can we construct fractional powers ofT?

Problem 3.Formulate a non-Archimedean version of the Kato’s square root problem for
normal operators. For more on the classical version of the square root problem of Kato for
(unbounded) normal operators, we refer the reader to Diagana[19].

Problem 4. Let A,B be (unbounded) self-adjoint operators onEω such thatA−B ∈
B2(Eω). Suppose that bothf (A) and f (B) exist, wheref : K 7→ K is an analytic function.
Find (necessary) sufficient conditions under whichf (A)− f (B) ∈ B2(Eω). In this event,
approximateQ ( f (A)− f (B)) in terms ofQ (A−B) (Q (T) being the Hilbert-Schmidt norm
of T ∈ B2(Eω)).

Problem 5. Let A,B be (unbounded) self-adjoint operators onEω such thatA−B ∈
B1(Eω). Suppose that bothf (A) and f (B) exist for some analytic functionf : K 7→K. Find
sufficient conditions under whichf (A)− f (B)∈ B1(Eω). In this event, find a relationship
between tr( f (A)− f (B)) in terms of tr(A−B) (tr(T) being the trace ofT ∈ B1(Eω)).

6.7 Bibliographical Notes

The results of this chapter are quite new and entirely based upon results in Diagana[22].



Chapter 7

One-Parameter Family of Bounded Linear
Operators on Free Banach Spaces
7.1 Introduction

Let (K,+, ·, | · |) be a (complete) non-Archimedean valued field and letΩr be the closed ball
of K centered at 0 with radiusr, that is,

Ωr = {κ ∈ K : |κ| ≤ r}.

As we have previously seen,Ωr is also open inK. Furthermore, every ballΩr is an
additive subgroup ofK. From now on, the radiusr of the ballΩr will be suitably chosen so
that the series, which defines thep-adic exponential converges. Indeed, letK = Qp be the
field of p-adic numbers (p≥ 2 being a prime) equipped with the usualp-adic valuation| · |
and letΩr = {q∈ Qp : |q| ≤ r}. As we have seen in (1.3.4) of Subsection 1.1.3., thep-adic
exponential

expp(x) := ∑
t≥0

xt

t!

is not always well-defined and analytic for eachx∈ Qp. However, it does converge for all

x∈Zp such that|x|< r = p−
1

p−1 . For more on these we refer the reader to Subsection 1.1.3
or [1, 40, 66].

In this chapter we provide the reader with a brief conceptualization of a non-
Archimedean counterpart of the classicalC0-semigroupsin connection with the formalism
of linear operators on free Banach and non-Archimedean Hilbert spaces.

The present chapter is mainly motivated by the solvability ofp-adic differential and
partial differential equations, as strong (mild) solutions to the Cauchy problem related to
several classes of differential and partial differential equations arising in the classical con-
text can be explicitly expressed throughC0-semigroups, see, e.g.,[57] and[58].

As for the p-adic exponential defined above, here, the parameter of a givenC0-
semigroup belongs to one of those clopen ballsΩr whose radiusr will be suitably chosen.
Let us mention however that the idea of considering one-parameter families of bounded lin-
ear operators on balls such asΩr was first initiated in[1] for bounded symmetric operators



78 Toka Diagana

on Qp. Here, it goes back to consider those issues within the framework of free Banach
and non-Archimedean Hilbert spaces while a development of a non-Archimedean operator
theory is underway.

One of the consequences of the ongoing discussion is that ifK = Qp and if A is a

bounded linear operator on a free Banach spaceE satisfying‖A‖ ≤ r with r = p−
1

p−1 , then
the function defined by

v(x) =

(
∑
t≥0

(xA)t

t!

)
u0, x∈ Ωr

for a fixedu0 ∈ E, is the solution to the homogeneousp-adic differential equation given by





d
dt

u(t) = Au(t), t ∈ Ωr

u(0) = u0

7.2 Basic Definitions

Let (E,‖ · ‖) be a free Banach space. Throughout the rest of this chapter, we consider
families (T(κ))κ∈Ωr : E 7→ E of bounded linear operators. We always suppose thatr is
suitably chosen so thatκ 7→ T(κ) is well-defined.

Definition 39. Let r > 0 be a real number. A family(T(κ))κ∈Ωr : E 7→ E of bounded linear
operators will be called asemigroupof bounded linear operators onE if

(1) T(0) = IE, whereIE is the unit operator ofE;
(2) T(κ +κ′) = T(κ)T(κ′) for all κ, κ′ ∈ Ωr .

The semigroup(T(κ))κ∈Ωr will be called of classC0 or strongly continuousif the fol-
lowing additional condition holds

(3) lim
κ→0

‖T(κ)x−x‖ = 0 for eachx∈ E.

Remark 25.One should point out that a semigroup(T(κ))κ∈Ωr of bounded linear opera-
tors is not only a semigroup but also a group. EveryT(κ) is invertible, the inverse being
T(−κ), according to (1)-(2) of Definition 39. Moreover, it is an infinite abelian group. Thus
throughout the rest of this chapter the expression “group” (respectively,C0-group) will be
preferred to that of “semigroup” (respectively,C0-semigroup).

Remark 26.A group(T(κ))κ∈Ωr will be calleduniformly continuousif the following addi-
tional condition holds

(4) lim
κ→0

‖T(κ)− IE‖ = 0.
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Definition 40. If (T(κ))κ∈Ωr is a group as above, then the linear operatorA defined by





D(A) = {x∈ E : lim
κ→0

(
T(κ)x−x

κ

)
exists},

Ax= lim
κ→0

(
T(κ)x−x

κ

)
, for eachx∈ D(A)

is called the infinitesimal generator associated with the group(T(κ))κ∈Ωr .

Remark 27.(1) Note that if(T(κ))κ∈Ωr is a group onE and if(et)t∈N denotes the orthogonal
basis forE, thenT(κ) for eachκ ∈ Ωr can be expressed as,∀x = ∑

t∈N
xtet ∈ E, by

T(κ)x = ∑
t∈N

xtT(κ)et ,

where
∀s∈ N, T(κ)es = ∑

t∈N
ats(κ)et with lim

t→∞
|ats(κ)|‖et‖ = 0.

(2) Using (1) one can easily see that for each 06= κ ∈ Ωr ,

∀s∈ N,

(
T(κ)− IE

κ

)
es =

(
ass(κ)−1

κ

)
es+∑

t 6=s

ats(κ)
κ

et

with lim
t 6=s,t→∞

|ats(κ)|‖et‖ = 0.

(3) If (T(κ))κ∈Ωr is a group onE, then its infinitesimal generatorA may or may not be a
bounded linear operator onE.

7.3 Properties of non-ArchimedeanC0-Groups

In this chapter we mainly focus on general groups, and strongly continuous groups of
bounded linear operators on general free Banach spaces. We begin with the following
example:

Example 29.TakeK = Qp the field of p-adic numbers. Consider the ballΩr of Qp with

r = p−
1

p−1 . Let (X,‖ · ‖) be a free Banach space overQp and let( ft)t∈N be its canoni-
cal orthogonal base. Define for eachq ∈ Ωr and forx = ∑

t≥0

xt ft ∈ X the family of linear

operators
T(q)x = ∑

t≥0

xte
µtq ft

where(µt)t∈N ⊂ Ωr is a sequence of nonzero elements.
It is routine to check that the family(T(q))q∈Ωr is well-defined.
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Proposition 35.The family(T(q))q∈Ωr of linear operators given above is a C0-group of
bounded linear operators whose infinitesimal generator is the (bounded) diagonal operator

A defined by
Ax= ∑

t≥0
µtxt ft for each x= ∑

t≥0
xt ft ∈ X.

Proof.First, note thatT(q) is analytic on the ballΩr . It is routine to check that(T(q))q∈Ωr

is a family of bounded linear operators onX. Indeed, for eachq∈ Ωr ,

T(q) ft = eµt q ft =

(
∑
s≥0

µs
t q

s

s!

)
ft , ∀t ∈ N,

and hence

||T(q)|| =

∣∣∣∣∣

(
∑
s≥0

µs
t q

s

s!

)∣∣∣∣∣< ∞,

by the fact thatqµt ∈ Ωr for eacht ∈ N.
Furthermore, one can easily check that

(1) T(0) = IX;
(2) T(q+q′) = T(q)T(q′) for all q,q′ ∈ Ωr ;
(3) lim

q→0
‖T(q)x−x‖= 0 for eachx∈ X.

Thus(T(q))q∈Ωr is aC0-group of bounded linear operators.
Now let B be the infinitesimal generator of(T(q))q∈Ωr . It remains to show thatA = B.

First of all, let us show thatD(B) = X (= D(A)). Clearly, for each 06= q∈ Ωr ,

T(q) ft − ft
q

=
(

eµtq−1
q

)
ft

for eacht ∈ N, and hence

D(B) = {x = (xt)t∈N : lim
t→∞

|xt | .
∥∥∥∥

T(q) ft − ft
q

∥∥∥∥= 0} = X,

by

|xt | .
∥∥∥∥

T(q) ft − ft
q

∥∥∥∥≤
(|xt |‖ ft‖)

|q| 7→ 0 as t 7→ ∞,

for eachx = ∑
t∈N

xt ft ∈ X.

To complete the proof it suffices to prove that
∥∥∥∥A ft −

(
T(q) ft − ft

q

)∥∥∥∥ 7→ 0 as q 7→ 0.

The latter is actually obvious since

(
eµtq−1

q

)
7→ µt asq 7→ 0, and henceB = A is the

infinitesimal generator of theC0-group(T(q))q∈Ωr .
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In the next theorem, we takeK = Qp wherep≥ 2 is prime. Note also that it is a natural
generalization of Example 29.

Theorem 20.Let A be a bounded linear operator onX such that‖A‖ < r = p−
1

p−1 . Then
A is the infinitesimal generator of an uniformly continuous group of bounded operators
(T(q))q∈Ωr .

Proof. Suppose thatA is a bounded linear operator onX with ‖A‖< r = p−
1

p−1 and set, for
eachq∈ Ωr ,

T(q) = ∑
s≥0

(qA)s

s!
. (7.3.1)

Clearly, the series given by (7.3.1) converges in norm and defines a family of bounded
linear operators onE, by |q| . ‖A||< r. It is also routine to check thatT(0) = IX, T(q+q′) =
T(q)T(q′) for all q,q′ ∈ Ωr .

It remains to show that(T(q))q∈Ωr given above is uniformly continuous. Indeed, 06=
q∈ Ωr , one has

T(q)− IX = qA

{
∑
s≥0

(qA)s

(s+1)!

}
,

and hence
∥∥∥∥

T(q)− IX
q

−A

∥∥∥∥≤ ‖A‖ . ‖T(q)− IX‖ < ‖T(q)− IX‖ . (7.3.2)

Now,‖T(q)− IX‖ ≤ |q| . ‖A‖ . ‖ζ(q)‖, whereζ(q) = ∑
s≥0

(qA)s

(s+1)!
converges, and hence

lim
q7→0

‖T(q)− IX‖ = 0. (7.3.3)

Consequently,

lim
q7→0

∥∥∥∥
T(q)− IX

q
−A

∥∥∥∥= 0,

by using both (7.3.2) and (7.3.3).

Remark 28.(i) Note that the mappingΩr 7→ B(Eω), q 7→ T(q) is analytic. Furthermore,

dT(q)
dt

= AT(q) =T(q)A.

(ii) An abstract version of Theorem 20 , i.e., in a general non-Archimedean valued fieldK,
remains an open problem.

Now let (K, | · |) be a (complete) non-Archimedean valued field and letΩr ⊂K be a clopen,
werer is chosen so thatΩr 7→ B(X), κ 7→ T(κ) is well-defined.
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Theorem 21.Let (T(κ))κ∈Ωr be a C0-group and let A be its infinitesimal generator. Sup-
pose that there exists M> 0 such that‖T(κ)‖ ≤ M for eachκ ∈ Ωr ⊂ K. Then, for each

x∈ D(A), T(κ)x∈ D(A) for eachκ ∈ Ωr . Furthermore,
(

dT(κ)
dκ

)
x = AT(κ)x = T(κ)Ax.

Proof. The proof, in some extent, is similar to that of the classical one, however for the
sake of clarity, we will provide the reader with all details. Letx∈ D(A) and let 06= κ ∈ Ωr .
Using Definition 39, Definition 40, and the boundedness of theC0-groupT(κ), it easily
follows that

(
T(κ)− IX

κ

)
T(κ′)x = T(κ′)

(
T(κ)− IX

κ

)
x (7.3.4)

7→ T(κ′)Ax (7.3.5)

asκ 7→ 0.
Consequently,T(κ′)x∈ D(A) andAT(κ′)x = T(κ′)Ax, by (7.3.4). Furthermore, since

T(κ′)
(

T(κ)− IX
κ

)
x 7→ T(κ′)Ax, as κ 7→ 0

it follows that the right derivative ofT(κ′)x is T(κ′)Ax.
To complete the proof, we have to show that for each 06= κ′ ∈ Ωr , the left derivative of

T(κ′)x exists and isT(κ′)Ax. Note that ifσ,σ′ ∈ Ωr , then so isσ−σ′, by using

|σ−σ′| ≤ max(|σ|, |σ′|) < r.

Now

lim
κ→0

(
T(κ′)x−T(κ′ −κ)x

κ
−T(κ′)x

)
=

lim
κ→0

T(κ′ −κ)
(

T(κ)x−x
κ

−Ax

)

+ lim
κ→0

[
T(κ′ −κ)Ax−T(κ′)Ax

]
.

Clearly,

lim
κ→0

T(κ′ −κ)
(

T(κ)x−x
κ

−Ax

)
= 0,

by ‖T(σ)‖ ≤ M for eachσ ∈ Ωr .

Using the strong continuity of the groupT(κ) it follows that

lim
κ→0

[
T(κ′ −κ)Ax−T(κ′)Ax

]
= 0.

Consequently,

lim
κ→0

(
T(κ′)x−T(κ′ −κ)x

κ
−T(κ′)x

)
= 0,

and hence the left derivative ofT(κ′)x exists and equalsT(κ′)Ax. This completes the proof.
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Remark 29.One of consequences of Theorem 21 is that the functionv(t) = T(t)u0, t ∈ Ωr

for someu0 ∈ D(A), is the solution to the homogeneousp-adic differential equation given
by





du
dt

= Au(t), t ∈ Ωr ,

u(0) = u0,

(7.3.6)

whereA : D(A)⊂ X 7→ X is the infinitesimal generator of theC0-group(T(t)t∈Ωr andu :
Ωr 7→ D(A) is aX-valued function.

7.4 Existence of Solutions to Some p-adic Differential Equations

The present section continues the above-mentioned discussion. Namely, we study the ex-
istence and uniqueness of a solution to the Cauchy problem for the homogeneousp-adic
differential equation





du
dt

= Au(t), t ∈ Zp,

u(0) = u0 ∈ Qp,

(7.4.1)

whereA is a self-adjoint linear operator onC(Zp,Qp) whose spectrumσ(A) = σp(A) =
{λk}k∈N with σp(A) being the point spectrum ofA. For that, the first task consists of
constructing the spectral decomposition ofA. Then utilizing the spectral decomposition of
A and upon making some additional assumptions onσ(A), it will be shown that (7.4.1) has
a unique solution, which can be explicitly expressed as

u(t) = ∑
i∈N

etλi Ei(u0), ∀t ∈ Up,

where(Ei)i∈N is called spectral projection associated withA in the sense thatEiE j = E jEi =

δi j Ei for all i, j ∈ N, andUp = {u∈ Zp : |u| < p−
1

p−1}. However, one should point out that
the question, which consists of the existence and uniqueness of a solution to the correspond-
ing inhomogeneous equation to (7.4.1) is open. Furthermore, except results of [31, 32] on
the existence of solutions to (7.4.1) in the case whenA is closed in some non-Archimedean
Banach space, it is quite unclear whether our results can be compared with the rest of the
existing literature onp-adic differential equations.

To discuss the existence of solutions to (7.4.1), we first establish a spectral decompo-
sition for A, which enables us to construct theC0-semigroup associatedA. To do so, we
require the following assumptions:
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(H.1) The operatorA is a self-adjoint onC(Zp,Qp) with spectrumσ(A) consisting of its
eigenvalues{λk}k∈N. Each eigenvalue is of (finite) multiplicityml that is equal to the
dimension of the corresponding eigenspace.

(H.2) There exists an orthonormal base( f l
k)k∈N of eigenvectors forC(Zp,Qp).

(H.3) σ(A)⊂ Up whereUp = {u∈ Zp : |u| < p−
1

p−1}.

Theorem 22.Under assumptions (H.1)-(H.2), for each u∈ D(A),

Au= ∑
k∈N

λk

mk

∑
l=1

〈u, f l
k〉 f l

k = ∑
k∈N

λkEk(u)

whereEk(u) =
mk

∑
l=1

〈u, f l
k〉 f l

k for each k∈ N, is called spectral projection associated with A

in the sense thatEiE j = E jEi = δi j Ei for all i , j ∈ N.

Proof. Using assumption (H.2) it easily follows that eachu∈C(Zp,Qp) can be expressed
in the orthonormal base( f l

k)k∈N as follows:

u = ∑
k∈N

mk

∑
l=1

〈u, f l
k〉 f l

k = ∑
k∈N

Ek(u) with lim
k→∞

∥∥∥∥∥
mk

∑
l=1

〈u, f l
k〉 f l

k

∥∥∥∥∥
∞

= 0,

whereEk(u) =
mk

∑
l=1

〈u, f l
k〉 f l

k.

Now

Au = ∑
k∈N

mk

∑
l=1

〈u, f l
k〉A fl

k

= ∑
k∈N

λk

mk

∑
l=1

〈u, f l
k〉 f l

k

= ∑
k∈N

λkEk(u)

provided that lim
k→∞

∥∥∥∥∥λk

mk

∑
l=1

〈u, f l
k〉 f l

k

∥∥∥∥∥
∞

= lim
k→∞

‖λkEk(u)‖∞ = 0, that is,u∈ D(A).

Clearly, for eachu∈C(Zp,Qp),

EiE j(u) =
mi

∑
l=1

〈E j(u), f l
i 〉 f l

i

=
mi

∑
l=1

〈
mj

∑
r=1

〈u, f r
j 〉 f r

j , f l
i 〉 f l

i

=
mi

∑
l=1

mj

∑
r=1

〈u, f r
j 〉〈 f r

j , f l
i 〉 f l

i ,

and henceEiE j(u) = E jEi(u) = δi j Ei(u) for all i, j ∈ N.
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Now if f : Zp∩σ(A) 7→ Qp is analytic, one definesf (A) as follows:





D( f (A)) := {u∈C(Zp,Qp) : lim
i→∞

| f (λ i)| .‖Ei(u)‖∞ = 0},

f (A)u = ∑
i∈N

f (λi)Ei(u), ∀u∈ D( f (A)).

In particular, under assumption (H.3) and lettingf (t) = et for eacht ∈ Up it follows that
for eacht ∈ Up,

etAu = ∑
i∈N

eλi tEi(u), u∈C(Zp,Qp).

It is then easy to see that(etA)t∈Up is an analyticC0-group, which turns out to be an infinite
group satisfyingetA = I for t = 0 with I being the identity operator ofC(Zp,Qp). Moreover,
using the fact thatAEi(u0) = λiEi(u0) for eachi ∈ N, one can easily see that

u(t) = ∑
i∈N

eλi tEi(u0), t ∈ Up

is the only solution to (7.4.1).
The previous discussion can be formulated as follows:

Theorem 23.Under assumptions (H.1)-(H.2)-(H.3), the first-order differential equation,
(7.4.1), has a unique solution, which can be explicitly expressed as

u(t) = ∑
i∈N

eλi tEi(u0), t ∈ Up,

whereEi(u0) =
mi

∑
l=1

〈u0, f l
i 〉 f l

i for i ∈ N.

Remark 30.For r > 0, letUr = {u∈ Qp : |u| ≤ r}. Using Theorem 23, one easily sees that
the Cauchy problem for the p-adic partial differential equation





∂u
∂t

(t,x) = Au(t,x), t ∈ Zp, x∈ Ur

u(0,x) = u0(x), x∈ Ur

(7.4.2)

has also a unique solution,u : Zp×Ur 7→ Qp, which can be explicitly expressed as

u(t,x) = ∑
i∈N

eλi tEi(u0(x)), t ∈ Up,

whereEi(u0(x)) =
mi

∑
l=1

〈u0(x), f l
i 〉 f l

i for i ∈ N.
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7.5 Open Problems

Problem 1.Consider the nonhomogeneousp-adic differential equation





du
dt

= Au(t)+ f (t), t ∈ Ωr ,

u(0) = u0 ∈ Qp,

(7.5.1)

where f : Ωr 7→ Qp is a continuous function.
Express the solution to this equation in terms ofu0, f , and theC0-group associated the

multiplication operator
Au= Q(t)u, ∀u∈C(Zp,Qp),

whereQ =
∞

∑
s=0

qs fs ∈C(Zp,Qp).

Problem 2.Prove the existence of solutions to the first-orderp-adic differential equation




du
dt

= Au(t)+ f (t), t ∈ Zp,

u(0) = u0 ∈ Qp,

(7.5.2)

and the first-orderp-adic partial differential equation





∂u
∂t

(t,x) = Au(t,x)+ f (t,x), t ∈ Zp,x∈ Ωr

u(0,x) = u0(x) ∈C(Ωr ,Qp),

(7.5.3)

whereA is a self-adjoint linear operator onC(Zp,Qp) whose spectrumσ(A) = σp(A) =
{λk}k∈N with σp(A) being the point spectrum ofA and f ∈ C(Zp,Qp) (respectively f :
Zp×Ωr 7→ Qp is jointly continuous).

Express the solution to this equation in terms ofu0, f , and theC0-group associated the
operatorA.

7.6 Bibliographical Notes

The results of this chapter are quite new and entirely based upon results in Diagana[23].
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