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Preface

This self-contained book provides the reader with a comprehensive presentation of the au-
thor’s recent investigations on operator theory over non-Archimedean Banach and Hilbert
spaces. It therefore completes topics uncovered in the author’s recent Bookjtfo-
duction to Classical ang-adic Operator Theory and Applicatidnsvhich has recently

been published biMova Science Publisheroreover, it offers several new research lines,
which are, in most part, inspired by their classical counterparts.

Chapter 1s devoted to basic tools related to (complete) non-Archimedean valued fields
needed in the sequel. Among other things, the ideas of construction of the figidslmf
numbers and that of formal Laurent series are discussed. Many key results on the topology
of the field ofp-adic numbers are also discussed.

A valued field(K, | - |) is called non-Archimedean whether the following stronger (tri-
angle) inequality holds

lo+¢| <max(al,[c]), forall o,qeK

with equality whenevejo| # |¢|.

The non-Archimedean operator theory consists of studying the analogues of the classical
operator theory when the (complete) non-Archimedean €ld- |) plays the role usually
played by the fields of real or complex numbers. Classical examples of such fields include
Qp the field of p-adic numbersig > 2 prime),C,, the field of p-adic complex numbers, and
the field of formal Laurent series.

Chapter 2ntroduces basic properties of non-Archimedean Banach spaces, free Banach
spaces, and non-Archimedean Hilbert spaces needed in the sequel. One should point out
that this is a key chapter, especially for beginners.

Chapter 3s entirely devoted to bounded linear operators on non-Archimedean Banach
and Hilbert spaces. In particular, one takes a closer look into the existence of an adjoint
for a given bounded linear operator with respect to the non-Archimedean “inner product”.
Examples of bounded linear operators, which do not have adjoint also are discussed. New
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developments on perturbations of non-Archimedean bases are also investigated. A nontriv-
ial example of an orthogonal base constructed by perturbation of the canonical orthogonal
base of the non-Archimedean Hilbert spéizg is also given. In the middle of this chapter,
special attention is paid to Hilbert-Schmidt and completely continuous operators. Some
of the results go along the classical line and others deviate from it. For the most part, their
classical counterparts inspire the statements of the results we present. However, their proofs
may depend heavily on the non-Archimedean natuié,odnd the ground fiel&. In con-

trast with the classical contexthe definition of a Hilbert-Schmidt operator does depend

on the baseFurthermore, the adjoint of Hilbert-Schmidt operator does exists and also is a
Hilbert-Schmidt operator, and each Hilbert-Schmidt operator is completely continuous. As
in the classical setting, a natural inner product is considered for Hilbert-Schmidt operators.
To illustrate abstract results, several examples are discussed at the end of this chapter.

Chapter 4£xamines non-Archimedean unbounded linear operators recently introduced
in the literature in Diagand 7]. Several examples are discussed including those arising on
the free Banach spa€Zp, Qp) of all continuous functions from the ring of integers,,
into Qy, the field ofp-adic numbers.

Chapter 5studies bounded and unbounded non-Archimedean bilinear forms. The clo-
sure and the closedness of (unbounded) non-Archimedean bilinear forms are investigated.
In particular, necessary conditions for the closedness of the form sum of closed non-
Archimedean bilinear forms are given.

Chapter 6consists of a preliminary work of the author on functions and fractional pow-
ers of linear operators on non-Archimedean Hilbert spaces. This chapter is illustrated by a
few examples including functions of a specific (symmetric) square matrix@yerQy.

Chapter 7provides the reader with a brief and recent conceptualization of semigroups
within the non-Archimedean framework due to Diage®. Non-Archimedean semi-
groups play an important role in the solvabilitymfdic differential and partial differential
equations as strong (mild) solutions to the Cauchy problem related to several classes of dif-
ferential and partial differential equations in the classical setting can be expressed through
Co-semigroups. An example of solvability of differential equations using the concept of a
non-Archimedean semigroup is discussed at the end of this chapter.

“Non-Archimedean Linear Operators and Applicatiofis”aimed at expert readers,
young researchers, beginning graduate and advanced undergraduate students, who are
interested in non-Archimedean functional analysis and operator theory as well as their
wide range of applications. The basic background for the understanding of the material
presented is timely provided throughout the text. Furthermore, the book offers several
kinds of examples, ranging from routine to challenging. The end of each chapter offers
some useful bibliographical notes and open problems.
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Chapter 1

Non-Archimedean Valued Fields

1.1 Introduction

This chapter provides the reader with the basic tools on the so-dédladArchimedean
valued fields. Examples of those fields include, but not limitedtg(p > 2 is prime),
the field of p-adic numbersCy, the field of complex p-adic numbersaind K((x)), the
field of formal Laurent series All these fields satisfy the so-called non-Archimedean (or
ultrametric) triangle inequality formally given by

lo+¢| <max]ol,|¢[), forall o,qeK

with equality whenevejo| # |¢|, where| - | is the corresponding absolute value.

A valued field, which does not satisfy the latter inequality is called Archimedean. Ex-
amples of Archimedean fields includ®, | - |), the field of real numbers equipped with its
natural absolute valugC, |- |), the field of complex nhumbers equipped with its absolute
value, and many others. Using the non-Archimedean triangle inequality, one derives sev-
eral properties of those non-Archimedean fields. In term of geometry, we will see that in a
non-Archimedean field, each ball is both closed and open, the parallelogram law could turn
into an inequality, every triangle is isosceles, etc.

One of the main objectives of this book is to make the (non-Archimedean) material
utilized accessible to many people including those who are not familiar with number theory.
For that, proofs of the results, which require some advanced algebraic concepts will simply
be omitted.

This chapter is organized as follows: Section 1.2 examines topologies of non-
Archimedean valued fields. Section 1.3 discusses the constructipy) tife field ofp-adic
numbers. Section 1.4 introduc&s$(x)), the so-called field of formal Laurent series.

Throughout the rest of the bodk, C, Q, Qp, Cp, Zp, N, andZ stand for the fields of
real, complex, rationap-adic, p-adic complex numbers, the ring pfadic integers, the set
of natural integers, and the set of all integers, respectively.

L In a non-Archimedean valued fielt, | - |), the non-Archimedean parallelogram law states that fot, pk
K, [x+y[? +[x—y|* < 2max|x?, |y?).
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1.2 Non-Archimedean Valued Fields

This section introduces the so-called non-Archimedean valued fields. Those fields will play
a key role throughout the rest of the book. We will especially emphasis on their topological
properties, which are mainly driven by the non-Archimedean (or ultrametric) ineqtiality

In most of our examples, we will make extensive use of the field ofpthdic numbers,
known as the simplest (complete) non-Archimedean valued field. The literature on the
algebraic properties of those non-Archimedean fields is very extensive; here, we omit those
details and refer the reader to most good books in non-Archimedean functional analysis,
especially Amicf], Schikhof64], Gouvef33], Koblitz[42], Mahlef50], Monngd51], van
Ro0ij[62], and many others.

1.2.1 Basic Definitions

Definition 1. A field K is said to benon-Archimedearif it is endowed with an absolute
value| - | : K — [0,), which satisfies the following conditions:

(1) x| =0ifand only ifx = 0;
(2) [xyl = [x]. ]y, for all x,y € K; and
(3) [x+yl < max(|x|,|y|) for all x,y € K.

As it had previously been mentioned, the property [Definition 1.3.1, (3)], is called the
non-Archimedean triangle inequality. An immediate consequence of the non-Archimedean
triangle inequality is the following:

(4) [x+y| =max(|x|,]y|) wheneveix| # |y|, wherex,y € K.

As in the classical setting, (K, | - |) is @ non-Archimedean field, then its absolute value
| -] induces a metrid onK x K defined by

d(uv)=|u—v|, uvek.

The metricd enables to consider the notion of convergencK.irBasically, one says
that the sequender )icny C K converges ta € K whether

d(u,u) = | —ul — 0 ast — co.

Now if the metric spac¢KK,d) is completé, one says thatK, |- |) is a complete non-
Archimedean field. Otherwise, one can always complete it and denote its completion by
(K,|-]). It can be easily shown thaK, |- |) is also a non-Archimedean field, which obvi-
ously is complete.

In contract with the classical setting, in a non-Archimedean field, every triangle is
isosceles. This obviously is a consequence of the non-Archimedean triangle inequality.
Toughout the book, the word “non-Archimedean” will be preferred to that of “ultrametric”.

3 A metric spacgK,d) is said to be complete if every cauchy sequence of elemeriscionverges. Note

that in the non-Archimedean setting, a sequefegneny C (K,d) is a Cauchy sequence if and only if
d(Un+1,Un) — 0 asn — oo, see Proposition2.
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Proposition 1.Let (K, |- |) be (metric space) a non-Archimedean field and Igtze K
such thatx—z|+# |z—y|. Then

X= Y| = max(|x—z|,]z—-Y]).

Proof. Suppose thak —z| < |z—Yy|. (The proof for the casg—y| < |x— z| follows along
the same line.) It follows that

X—y| < max(|x—2,|z—y]) = z—Y].
Suppose thak—y| < |z—y|. Consequently,
2=yl <max(|z—X|,[x=y]) < |z—Y],

which obviously is in contradiction with the fapt—y| < |z—y|, by assumption, and there-
fore,

X=Yy| =max(|x—2,z—Y|) = [z—Y|.

Definition 2. Let (K, |- |) be a non-Archimedean field. A sequeriggcn of K is said to
converge to if for eache > 0 there exist$ € N such thatx — x| < € whenevet > tg. A
sequencéx )icn Of K is called a Cauchy sequence if for each 0 there exists € N such
that|x — Xs| < € whenevels>t > to.

In contrast with the classical, the following useful result, which also is a consequence
of the non-Archimedean inequality, holds:

Proposition 2. Let (K, |- |) be a non-Archimedean field. A sequeriggcy C K is a
Cauchy sequence if and only if

[X+1—X%| — 0 as t— oo,

Proof. Let (% )ien C K be a Cauchy sequence. Therefore, for easlO there existsy € N
such thatx — Xs| < € whenevess >t > to. In particular, |1 — %| — 0 whenevet — oo,
Conversely, suppose thiat, ; — x| — 0 ast — o and write,

Xs— X =Xg—Xg-1+Xs—1— w0 — X1+ X1 — %

Combining all terms of the form — X, _1 forr = s,...,t and using [Definition 1.3.1, (3)]
it easily follows thaixs — x| — 0 ast,s— o, and hencéx; ):cy is a Cauchy sequencelifl

In contrast with Proposition 2 above, in the next result, the completion of theKe|d
|,d) is required.

Proposition 3.Let (K, |- |,d) be a complete non-Archimedean field. The seZ?xt con-

t
verges to some SK if and only if x — 0 ast— oo.
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t
Proof. Let§ = Z)x,. Itis then clear thax, =S — S_1. Thus, if§ — S thenx — 0inkK,
r=

ast — oo,
Conversely, ifx, — 0, then(S )ier is @ Cauchy sequence, by Proposition 2. Now since
K is complete, there exis&e K such tha§ — Sast — .

Let (K,|-|) be a non-Archimedean valued field. Define the balis,r), Q'(x,r), and
the spher&(x,r) of K by:

Qx,r):={yeK:|x—y| <r},
Q'(xr):={yeK:|x—y| <r}, and
Sx.r) = {y e K:[x—y|=r}.
In particular, we se®, = Q(0,r), Q; =Q(0,r), andS = SO,r).
Proposition 4.Let xe K and let r> 0 be a real number. If 2 Q(x,r), thenQ(zr) =
Q(x,r).
Proof. Lety € Q(z,r), that is,|z—y| <r. Obviously,
y=X[=(y=2)+z—x| <max(y—z|,]z—x]) <,

and hence € Q(x,r), or Q(zr) C Q(x,r). Now, from the fact thaz € Q(x,r) it is clear
thatx € B(zr).

Arguing as previously, it follows tha®(x,r) C Q(z,r). From both inclusions it follows
thatQ(x,r) = Q(z,r).

From Proposition 4, we obtain the following result:

Theorem 1.Let xe K and let r> 0 be a real number. The bal@(x,r), Q'(x,r) and the
sphere $,r) are respectively closed and openkn

Note that subsets @, which are both closed and open are commonly callepens
In addition to the above, the unit bafly andQ] satisfy the following properties:

Proposition 5.1f (K, | -|) is a non-Archimedean field, then

(1) Q1 is a subring ofK with identity 1k ;

(2) K is the field of fractions of21;

(3) Q] is an ideal ofQ;

(4) Q] is the unique maximal ideal €;; and
(5) The quotienf; /Q] is a field.

The proof of Proposition 5 can be found in Gouy@3]. Note that the ball®1, Q}, and
the quotienQ;/Q] are respectively called the valuation ring(&, | - |), the valuation ideal
of (K, |- 1), and the residue field & with respect ta€Q;.
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1.2.2 Thet-Vector Spacek®

The(K,|-|) be a non-Archimedean field. As for the n-dimensional real and complex num-
bersR! andCt, one definek! as follows:

K= {X= (X1, %2, X3, ..... %) : % €K, for r=1,...,t}.

It is clear thatK! is a vector space ové€. Moreover, one equips it with the absolute

value
Xt = max|x |, ¥X= (X1,X2,X3,....,%) € K.
1<r<t

Clearly, for allx = (X1,%2,X3, ..., %), Y= (Y1,Y2,¥3, ..., Yt ) € K¢,
X = max
X+ Yt 1§r§t’Xr +Yr|
< maxm
< maxmax(x. |y
= max max |X|, max
X max |, max|yi)
= max(’X’h‘y’t)?

and hence- | is a non-Archimedean absolute value oiér
In view of the above, it is easy to check that the followpagallelogramlaw holds: for
all x,y € Kt,
X+ YIE + [x—yIF < 2max (X, ly[?)

with equality whenevejx|; # |y}.

Itis not hard to see that many algebraic and topological propertigéscah carried over
to K!. In particular, if(K, |- |) is complete, then so (&K', |- |;).

Let Q(x,r) and S(x,r) denote respectively the ball and the spheré&bficentered at
x € K' with radiusr > 0:

Q(er) = {ye Kt : |X—Y|t < r}v and
Sx,r):={ycK':|x—yl=r}.

Clearly, Q(x,r) andS(x,r) are respectively clopens. Moreover, one can easily check
that if x = (Xg,%2,X3,....,%) € K', then

Q(X,r) = Q(x1,r) x Q(X2,r) X Q(X3,r) X ... x Q(%;, ).

In addition to the above, an “inner product” is definedinas follows: for allx =
(X1,%0, X3, .-, % )5 Y = (Y1,¥2,¥3, .., 1t) € KL,

t
XY)e = XV =Xay1+ XYz + ..+ XM
r=1

One can easily check that the “inner produgt®); satisfies the Cauchy-Schwartz in-
equality, i.e.,
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(%, ¥)e] < Ixk- Iyl xy e K

In contrast with the classical setting, the ngrm does not stem from the “inner prod-

uct” <'7'>t-
t
Each elemenk = (xq,X2,%3,....,%) in K' can be written ax = le,e(, whereg =
S=

(0,0,0,...,1,...,0,0,0) with 1 at therth term and zeros elsewhere. It is clear that such a
N —’

decomposition is unique. The (finite) sequefge,—1 ¢ will be called orthonormal base
of Kt.

1.3 Construction of Qp
1.3.1 Introduction

The p-adic numbers were discovered by Hensel at the end of the 19th century as a tool in
number theory. Today, those numbers play a key role in many areas beyond number theory
— among those areas are algebraic geometry, anabyaiic physicsp-adic quantum me-
chanics, representation theory, and many others. In what follows, we describe, by the means
of completion arguments, the construction@/, the field of p-adic numbers. Neverthe-

less, one should point out that we will omit proofs of the classical results related to such
a construction and refer the reader to the landmark book by G@Bjéehich contains a
comprehensive presentation pradic numbers and related issues.

1.3.2 The FieldQp

Definition 3. Let p € Z be a prime. Ap-adic valuation oZ is a functionvy, : Z — {0} — R,
wherevp(t) is the unique positive integer such that p’»") . q, whereq is not divisible by

p.
Note that ifvp is a p-adic valuation orZ, then it can be extended to the field of rational
numbersQ as follows: Ifx = tg € Q— {0}, wheret,s € Z — {0}, one setsyp(x) = Vp(t) —
Vp(s), and ifx = 0, then one set,(0) = c.
Definition 4. Let x € Q. The p-adic absolute value ofis defined by
_ J it x#0,
X 1= L7
0 if x=0,
wherev(X) is the valuation ok € Q.

Itis not hard to check thdtQ, | - |) is a non-Archimedean valued field. Moreover, from
, the p-adic absolute value, one defines fiiadic metricd on Q x Q by setting:

d(x,y) = [x—Y]|
forall x,y € Q.
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Proposition 6. The non-Archimedean valued figl@, | - |) is not complete, i.e., there ex-
ists at least one Cauchy sequenceg@ |- |), which does not converge for|, the p-adic
absolute value.

Proof. See details of the proof in Gouv§z3].

Definition 5. The completion ofQ, | - |) is called the field ofp-adic numbers and denoted

by (Qp>| ).

The following characterization gf-adic numbers is due to Hen$ekachx € Q, can

(uniguely) be expressed as

X= Z atptv

t>—to
where 0< g < p—1.
Moreover,vy(X) = —to, that is,|x| = pb.

Example 11n (Qp, |- |) (p > 2 being a prime) consider the sequerce 1+ p?+ ...+ p'.
Clearly,|x| = 1 for eacht € N. Moreover,

1
li 1+p?+..+p)——|=0.
tgr°1o(+p+ +p) 7 0

Setp = 2. In contrast with the classical case whéye2! = o, in Q5, such a series
t=
converges te-1, that is,

14+4+4+8+164...4...=—1in Qo

Example 2In (Qp,|-|) (p> 2 being a prime) consider the sequerce 1+ p24.+pt.
Clearly,|x| = p' for eacht € N. Moreover,

lim 1+ p 2+ ..+ p | =w.
Definition 6. The valuation ring2; = Q(0,1) of (Qp, | -|) is denoted byZ, and given by

Zp={X€Qp:x= Zjatp‘, 0O<a<p-1}.
t>
Note that the unit ball, is also called ring op-adic integers.

We have the following characterization 8.

Proposition 7. The set of p-adic integef; is a subring ofQ,. Moreover, each element of
Zy is the limit of a sequence of nonnegative integers and conversely, each Cauchy sequence
in Q consisting of integers has a limit ifp.

Proof. See Bakef3].

4 This characterization is also known as the Hensel decomposition.
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1.3.3 Convergence of Power Series ovél,

This subsection examines the convergence of power series in thé(igld |) of p-adic
numbers.
Consider the power series

fx)=3 axt, x€Qp, (1.3.1)
teN

where (0t )ieny C Qp.
First of all, consider the particular case whesa 1 in (1.3.1), that is, the series

z o, O € Qp. 1.3.2)
teN

Proposition 8. The series in (1.3.2) converges@y if and only ifja;| — 0 as t— .
Proof. This is a straightforward consequence of Proposition 3.
More generally, we want find some (necessary) and sufficient conditions so that the
series given in (1.3.1) converges, if‘i&'““' ¥ =0.
Definition 7. A numberr is called the radius of convergence of the series in (1.3.1) if it

converges whenevéx| <r and diverges, otherwise, i.éx| > r.

As in the classical context, define the radius of convergendeasf

1
r=——.
limy/]oe]p

Proposition 9. Let f(x) be the series given in (1.3.1). I& 0, then f{x) converges at x 0
only. If r = o, the series converges for eackEX2,. Now if0 < r < o0 andtlim |at|rt =0,

then f(x) converges if and only ifk| <r. Lastly, ifO<r < oo andtlim |a|r' # 0, then the
series {x) converges if and only jk| <.

Proof. See details iffi33].
Example 3Consider the power series

f(x)=Y X foreachxe Q.
teN

One can easily check that= 1 andtlim]at]rt # 0, and hence converges for each
x € Qp such thafx| < 1, i.e.,x € Q.

Example 4Consider the power serieg & 1):

T

One can easily see that=1/p andtlim\a@t\rt = 1+# 0, and hence the power series

for each x € Qy.

converges if and only ifx| < 1/p, i.e.,x € Q’l/p.
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Other important power series are that of firadic logarithm and exponential. In con-
trast with the classical setting, tipeadic exponential is not defined and analytic everywhere
in Qp.

Definition 8. Let Q'(1,1) ={x € Zp : [x— 1| < 1} = 1+ pZp. The p-adic logarithm is the
power series defined, fro@(1,1) into Q,, by

log,(x) =5 (—1)”1()(_71)t for eachx € Q'(1,1) (1.3.3)
o0=3 n ). 3.

Definition 9. Let Q' = {xeZp:|x| < pp;f%}. The p-adic exponential is the power series
=
defined, fromQ’ _, into Qp, by
pP-I

xt
expy(x) = o for eachx e Q,ﬁ' (1.3.4)
teN ™ p

It can be checked that

exp,(X+Y) = exp,(X) expy(y)
whenevex+ye Q' ;.
pr-1
Moreover, exg(x) belongs to - pZp, the domain of log, with

log, (exp,x) =X
foreachxe Q' ;.
pr-1
Similarly, log,(x+ 1) belongs tdQ" _, with

pr-1

expy(logy(X+1)) =x+1.

1.4 Construction of K((x))

Let K be any field (possiblR, C, or Q) and letK[x] be the ring of polynomials whose
coefficients belong t&. Basically, eachP € K[x] can be expressed as:

P(x) :t;atxt,

wherea, € K fort = 1,2,...,n. In that event, one can write(x) = ") .Q(x), where
Q € K[x] with Q(0) # 0. It is not hard to check that

(1) v(P.Q) =Vv(P)+v(Q), for all P,Q € K[x];
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(2) v(P+Q) > min(v(P),v(Q)), for all P,Q € K[x].

Settingv(0) = o0 and using (1)-(2) above, one can easily seewtisa valuatior? over
the ringK[x]. One can extend such a valuation over the fi€(#) of rational fractions by

setting: For allf = CE) € K(x),

Now for 0 < ¢ < 1, one sets|P| = ¢“P) for eachP € K[x]. It is not hard to check
that| - | is a non-Archimedean absolute value, which can be extendeddgxgr The non-
Archimedean fieldK(x),| - |) is not complete; letK((x)),| - |) denote its completion. The
field (K((x)), |- ) is then called the field of formal Laurent series.

Example 5In Qp[x] (p > 2 is a prime), lev(L) = —degL) if L is a polynomial and let
¢=|p| = p~1. The valuatiorv can be extended ovér,((x)) as above.
Considerf € Qp((x)) defined by
L(x)
f(x) = ——=,

(x) 0
whereL(x) = ap+ aiX+ ... + anX" andM(x) = bg + bix+ ... + bmx™ with &, bj € Q) for
i=0,1,..,n, j=0,1,....m, anda,, by, # 0. It is easy to check that

1

pmfn :

fl=p™=

1.5 Bibliographical Notes

This chapter introduces classical results on non-Archimedean valued fields. The uncovered
topics related to non-Archimedean valued fields and related issues can be found in most of
books devoted to non-Archimedean functional analysis, see, e.g., GaBly&ablitz[42],
Mahlef50], Ochsenius & Schikh@6], Roberf60], van Rooi[62], Vladimirov, Volovich

& Zelenov[66], and many others.

Basic tools of Subsection 1.3.3, that is, the convergence of power series were taken in
both GouvépB3] and Vladimirov, Volovich & Zelenov[66]. Similarly, basic and advanced
tools on the algebra of analytic functions in the non-Archimedean setting can be found in
those books. Sectidn4related to the field of formal Laurent series was taken in Dja5ja

5 Among possible valuations that can be defined @¥at, one may consider that defined through the degree
of the polynomial, i.e., iP € K[x], one defines.(P) = —degP).



Chapter 2

Non-Archimedean Banach and Hilbert
Spaces

2.1 Non-Archimedean Banach Spaces

This section introduces non-Archimedean (free) Banach and Hilbert spaces. As for non-
Archimedean valued fields, those Banach and Hilbert spaces play a crucial role in the
composition of this book. For uncovered topics related to those non-Archimedean Ba-
nach spaces, we refer the reader to the excellent book by [Rahijvhich covers all topics
related to those spaces. Moreover, for all questions on non-Archimedean Hilbert spaces,
which are not treated here, we refer to the work of Di@4a25]

Throughout the rest of this sectidiX,, | - ||) denotes a complete non-Archimedean field.

2.1.1 Basic Definitions
Definition 10. Let X be a vector space ov&. A nonnegative real valued functidh || :
X+ [0,) is called a norm if:

(1) |IX|| = Oif and only ifx = 0;
(2) |A]| = |A] [|x|| for all A € K andx € X; and
(3) [+l < [IXlI + [lyll for all x,y € X.

The norm|| - || is called non-Archimedean if the statement (3) above can be replaced by
the stronger condition

(4) [Ix+yll < max(|[x]l,[lyl) for all x,y € X.

As for the absolute value of a non-Archimedean valued field, (4) above is called non-
Archimedean triangle inequality. A normed vector sp@sd| - ||) satisfying [Definition 10,
(1)-(2)-(4)] is called a non-Archimedean normed vector shadereover, as an immediate
consequence of [Definition 10, (4)], the following holds:

X+ Yl = max([x],[Iyl]) whenever||x|| 7 [|y]].

More generally,

1 A non-Archimedean normed vector spadg | - ||) is also called ultrametric normed vector space.
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Proposition 10.Let (X,|| - ||) be a non-Archimedean normed vector space dker If
X1,...% € X such that|xs|| # ||| for all s # r, then

X1+ X2+ ... + %] = max||Xs||.
1<s<t

Proposition 11.Let(X, || -||) be a non-Archimedean normed vector space &ueThert
I+ y[I? + x—yiIZ < 2max (%2, [IylI*) x,y € X, (2.1.1)
for all x,y € X, with equality whenevelx|| # ||y||.

Definition 11. A non-Archimedean Banach space is a non-Archimedean normed vector
space, which is complete.

2.1.2 Examples of Non-Archimedean Banach Spaces

Example 6Let (w)ie; € RT — {0} be a family of nonzero real numbets Define the
K-vector spac8”(l, K, w) by

B*(I,K,w) i= {x= (%) €K': supixx < o}
S
The spac8™(l, K, w) is equipped with the sup norm defined by
[1X]| == suplx|cx.
tel
Itis not hard to see thdaB” (1, K, w),|| - ||) is a non-Archimedean Banach space.
Example 7Let co(l, K, w) C (B*(I, KK, w) be the subspace defined by
co(1, K, @) = {x= (X)er € K': limx|cax =0},

Clearly (co(l,K,w), || -||) is a closed subspace @~ (I,K,w), | - ||), and hence is also a
non-Archimedean Banach space.

Example 8Let M be a compact (topological) space. Define the space of all continuous
functions which go fronM into K by

C(M,K) :={u: M~ K, uis continuous.
We then equifc(M, K) with the sup normj|ul|. := sup |u(t)|.
teM

Theorem 2.The normed vector spacéC(M,K),| - |l») defined above is a non-
Archimedean Banach space.
2 Such an inequality is known as the non-Archimedean Parallelogram Law in a normed vector space.

3| is the index set. It is customary to take- N. However the treatment of those non-Archimedean Banach
space in the general case can be found in Dj24t25]
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2.2 Free Banach Spaces

2.2.1 Definitions

Definition 12. A non-Archimedean Banach spacg, || - ||) overK is said to be dree Ba-
nach space if there exists a family):c; of elements oK such that each elemexit X can
be written in a unique fashion as a pointwise convergent series defined by

p— .h I- p—
X ;Xte( with limx.& 0,

and ||x|| = sup|x| ||&||. The family (& )i is then called arorthogonal basdor X. If
tel

el =1, forallt €I, then(& ) is called arprthonormal baséor X.

2.2.2 Examples

Example 9In Example8, takeM = Zj andK = (Qy, | - |) wherep > 2 is a prime number.
Then the resulting spad€(Zp,Qp), || - ||») is a free Banach space. Indeed, consider the
sequence of functions defined by:

o (x) = x(x—1)(x—2)(x—3)....(x—t+1)’ (> 1,

t!
fo(X) =1

It is well-known [46] that the family(f;)icn IS an orthonormal base, i.6}fi||. = 1.
Moreover, for eactlu € C(Zp,Qp) has a unique uniformly convergent decomposition de-
fined by

u(x) :tZO ¢ fi(x), &€ Qp

with |¢;| — 0 ast — oo and||u||. = sup|ct|.
teN

Let (X,]| - ||) be a free Banach space ovér If X* denotes the (topological) dual Bf
then the following spaces are isomorphic:

1

X~co(lK,([|@ller)), and X*~B”(I,K, (m

)tel )

Example 10The spacep(l,K,w) given in Example 7 is a free Banach space (see details
in the next subsection).

Example 11Let (K, |-|) be a complete non-Archimedean field. Thenttvector spacé®
previously defined is a free Banach.
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Remark 1Let (& )ic; be an orthogonal base for the free Banach spacé - ||). Define
g € X* (topological dual oK) by:

x:t; x&, €(X) =%

1 o
It turns out thaf|€ || = el Furthermore, eackl € X* can be expressed as a pointwise

convergent series defined by
X = Z(x’,e[>e{, and
te

X&)
X || = su X, .
Il =sup=rgy

2.3 Non-Archimedean Hilbert Spaces

2.3.1 Introduction

This section is devoted to the so-called non-Archimedean Hilbert sfiagce3 hey play

a key role throughout the book. Among other things, we will see that the fefjrof

a non-Archimedean Hilbert spaé®, does not stem from its corresponding inner product
(-,-). Moreover, it may happen thax,x)| < ||x|[ for somex € E,. In addition to that,
contains isotropic vectors+# 0, that is,(x,x) = 0. For more on these spaces and related
issues we refer the reader[t, [24], and[25].

2.3.2 Non-Archimedean Hilbert Spaces

Let w = (w)iey C K be a sequence of non-zero elements and define the &paee
(N, K, w), that is,

Eg = {X= (%)ten, ¥t, % € K and tir].g|xt\|wt]1/2 =0}.
It can be easily shown that= (X )en € E, if and only if
fimfea =0
Moreover,E is a non-Archimedean Banach space d&evhen it is endowed with the
norm

X = (X)ten € B, [X| :suNprxtchWZ. (2.3.2)
te

It is also clear thaif, is a free Banach space and hasamonical orthogonal base
namely, (& )ien, Whereg is the sequence whose terms are 0 except-theterm, which
is 1, in other words,a = (&s)scn, Where & is the Kronecker symbol. We shall make
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extensive use of this canonical orthogonal base throughout the rest of this book. For each
t, ||&]| = |wx|Y2. If || = 1, we shall refer t )ien as the canonical orthonormal base of
Ew.
Let (-,-) : E, x E, — K be the linear form defined for all,v € E,, u= (W )ien, V=
(Mt)ten, by
(u,v) == Z YIRS (2.3.2)
teN

Clearly,(-,-) is a symmetric, bilinear, and non-degenerate linear foriidpand satisfies
the Cauchy-Schwarz’s inequality:

vu,v e Ey, [(uv)] < [jul] . |Iv]. (2.3.3)
Remark 2TheK-form (-,-) defined in (2.3.2) is called non-Archimedean inner product.

On the canonical orthogonal base, the following holds:

0 ift#s
(&,65) = ds =
w ift=s
Definition 13. The spac¢E,, |||, (-,-)), where]||- ||, (-,-) are respectively the norm defined

in (2.3.1) and the inner product in (2.3.2), is called a non-Archimedean Hilbert space.

Proposition 12.Let w = (w )ieny C K be a sequence of nonzero terms andHgtbe the
corresponding non-Archimedean space(df;cy denotes the canonical orthogonal base
of E,, then, for all xe E,,

2 (<X >)?

&

(<xa>) i
O O

0 2
. . X,
Z‘Xta € Eq (Jim lwx|Y2. x| = 0). Hence, the serleg% converges.
te - {=

< [Ix1%. (2.3.4)

Proof. Observe that = wx2. Moreover, t limMw@| = 0, by x =

Now

(<xq>

W
el
< sup|ax||x|*
t>0
= sup(|ax Y% )?
t>0
= (supla|Y2[x| )?
t>0

2
= [
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Consequently,

Corollary 1. If w= ()teny € K wherewy = 1k for each te N and ifE,, is the correspond-
ing non-Archimedean space, then, for alf ¥,

29

%(< X, @ >)?

=

2
< [Ix]|=

Another example of non-Archimedean Hilbert space consists of consid&igQp)
as in Example 9 and put the inner product (symmetric, bilinear, non degenerate form) is

ZO Vi ft in C(Z’Qp),

defined as follows: for alll = Zo W fr, andv =
t= t=

(u,v) ::ti)utvt.

It is clear that the inner produgt,-) given above is well-defined as bathandw +— 0 in
Qp ast — o, and the Cauchy-Schwartz inequality holds

[{u V)] < [ulles - [[Vi]o-

In view of the above, it easily follows thaf;, fs) = &s whered are the classical Kro-
necker symbols.

The triplet(C(Zp,Qp), || - ||, (-, -)) will be called ap-adic or non-archimedean Hilbert
space. One must point out that the nornCg#,, Qp) does not stem from its corresponding
inner product.

2.3.3 The Hilbert SpaceE, x Eq, X ... X E,

Let (K,|-|) be a complete non-Archimedean field with charactertdtan(KK) zero. Exam-
ples of such fields includ®, (p > 2 being prime) the field of-adic numbers.

Let o = (w)seny With T=1,2,....t be ¢ being fixed)t sequences of nonzero terms in
K. For eacht (t =1,2,..1) we consider the corresponding non-Archimedean Hilbert space
E., equipped with its usual topologies (see (2.3.1)-(2.3.2)).

Let E; denote the direct suiil,, x Eg, X ... X E¢ 0f Egy,, Ey, ..., andE,, , respectively.
We now equip the vector spaiEe with the non-Archimedean norm defined by

H(ulv"'vut)Hn = ma)(HU1”7"'7 [ue ), (2.3.5)

for all (ug,...,u) € Ex.

Arguing that each(E,, ||.||) for T =1,2,..t is a non-Archimedean Banach space it
follows that (Es,|| - ||t) is also a non-Archimedean Banach space. It also cleatfhét
fixed) is a free Banach space with orthogonal bd$6% )scy, T=1,2,....t} where¥JS =
(0,0,...€5,..0,0,0) whose terms are 0 except th¢h term, which isel ((el)sen being the
N——
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canonical orthogonal base Bf, for t=1,2,..,t). One can easily check th||; =
|el|| = |wt|Y/? for all s€ N and for eacht = 1,2,....t. We confer to{(FJ)scn, T =
1,2,...,t} as the canonical orthogonal baselfipr

Let (-,-)t : E; x E; — K be theK-bilinear form defined by

t

((Ug, ey U), (Vo V)t 1= ;<UT7VT>7 (2.3.6)

for all (ug,...,w),(v1,...,vt) € Ex where(-,-) is the inner product of eacR for T =
1,2,...,t. Then,(-,-); is a symmetric, non-degenerate formlanx E;.

Definition 14. The spaceE; := E, x Eq, x ... x Ey, endowed with the norm given in
(2.3.5) and th&-bilinear form(-,-); given in (2.3.6) is called a non-Archimedean Hilbert
space.

Proposition 13.For every (ug,...,u), (v1,...,\t) € E, the Cauchy-Schwarz inequality
holds, that is,

[{((Uy ey Ut )y (Vi eees VO] < [ (UL ooy Ue) [ |- (VL ooy Vo) |-

Proof. Supposé = 2. For all(u,v), (X,y) € Eq, X Eq,,

[((u,v), (X, ¥))2] = [{u,x) + (W)
< max([{u,x)[,[(v,y)|)
< max(|[ull [x[[,[IvI[ fIvi])
< max([|(u,v)|[2 X[, [[ (u,v)[|2 Iy[})
< max({|(u,v)[|2 [[(x,Y)] |2, [[ (U V) []2 [[(x,Y)]]2)
= [[(uV)[[2 [|(xy)]]2.

Whent > 3, one follows the same lines as above.

If M C Ey, x E, is a subspace, then its orthogonal complenéntwith respect the
K-bilinear form(-,-), is defined by

ML= {(u,v) € Ep, x Ee: ((U,V), (X,y))2 =0, ¥V(x,y) € M}.

One can easily check thit* is closed. This is actually a consequence of the continuity
of the bilinear form defined b ) : E, X E¢, — K and

CD(XN)(u?V) - <(U7V>7 (X7y)>27 V(U,V) S Ew X E(o;

where(x,y) € E, x Eq, is fixed.
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2.4 Bibliographical Notes

This chapter is entirely devoted to non-Archimedean Banach spaces, free Banach spaces,
and non-Archimedean Hilbert spaces. Algebraic properties of those spaces can be found
in Ochsenius & Schikhof56], and van Rooi[62]. For more on free Banach spaces and
non-Archimedean Hilbert spaces, we refer the reader to Diajatjaespecially Diarra

[24, 25], and Khrennikoy37]. Details on the Banach spaC¢Zy,Qp) can be found in
Kochubei[46]. Subsectior2.3.3was taken in Diagan@d.7].



Chapter 3

Non-Archimedean Bounded Linear
Operators

3.1 Introduction

This chapter studies the class of bounded linear operators on non-Archimedean (free) Ba-
nach and Hilbert spaces. Section 3.2 examines bounded linear operators on an arbitrary
non-Archimedean Banach space while Section 3.3 considers those operdigrsropar-

ticular, the existence of an adjoint operator for a given bounded linear operator is screened.
Section 3.4 presents some recent results on perturbation of baBgsobtained by Dia-

gana & Ramaroson ifL2]. Section 3.5 is concerned with non-Archimedean analogues of
the classicaHilbert-Schmidibperators as well as their properties (Diagana 43l. Some

of the results go along the classical line and others deviate from it. For the most part, the
statements of the results are inspired by their classical counterparts, however, their proofs
may depend heavily on the non-Archimedean natui&,odnd the ground fiel&. Among

other things, the definition of a Hilbert-Schmidt operator in the non-archimedean context
depends on the base; further, Hilbert-Schmidt operator has an adjoint, which is again a
Hilbert-Schmidt operator and that both have the same Hilbert-Schmidt ig(R,,), the
collection of all Hilbert-Schmidt operators @, is a two-sided ideal in the rinBy(E,) of

all bounded operators, which have adjoint. In addition to that it will be shown that every
Hilbert-Schmidt operator isompletely continuous the sense thatit is a limit, iB(EE), of

a sequence of operators of finite ranks. As in the classical setting, a natural inner product is
considered for Hilbert-Schmidt operators and we show that it satisfies the Cauchy-Schwarz
inequality. We define the trace of an operator. As in the classical context, the trace may
or may not exist. It is then shown that a Hilbert-Schmidt operator has a trace. We next
illustrate those abstract results with several examples at the end of Section 3.5.

3.2 Bounded Linear Operators on Non-Archimedean Banach Spaces

Throughout this section, unless otherwig, | - |) denotes a complete non-Archimedean
field.
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3.2.1 Basic Definitions

Let (X, |- |lx) and(Y,|| - ||v) be non-Archimedean Banach spaces derespectively. A
linear operatoA: (X, || - ||x) — (Y, || -|ly) is a transformation, which maps lineatyinto
Y.

Definition 15. A linear operatoA: X — Y is said to be bounded if there exigts> 0 such
that||Aully <K . |Jul|x for eachu € X.

The collection of bounded linear operators fréfrinto Y is denotedB(X,Y). When
X =Y, this is simply denote&(X).

Remark 31f A: X — Y is a bounded linear operator, then its ndfAj| is defined by

IA] = SUP( HAUHY) (3.2.1)
o \ llullx

Clearly, 0O B(X,Y) with ||0|| = 0. Furthermore, iA,B € B(X,Y) and ifA € K, then
A+ B,AB, ABbelong toB(X, Y), and the following hold:

D) [A+BI < [IAl+[BI;
(2) [AB]| = [A]-[IB];
(3) lABII < [IAll[[B]-

ConsequentlyB(X,Y), || -||) is a normed vector space.

Lemma 1. The space(B(X,Y),| - ||) of bounded linear operators is non-Archimedean
normed vector space.

Proof. LetA,Be (B(X,Y),| -||). We want to show that the operator nofini| satisfies the
non-Archimedean inequality. Indeed,

Au-+ Bu
a5 — sup( 1A= Bulr
U£O Jullx
Au Bu
SSUWX(H [l |Y>
U£0 ullx * Jlullx

Au Au
— max SupH ”Y,sup” v
u#£0 HUHX u#£0 HUHX

= max([|All[B])-

Theorem 3.1f (X,||.|lx), (Y,|.]ly) are non-Archimedean Banach space o¥€r then
(B(X,Y),||-]|) is a non-Archimedean Banach space.

The proof of Theorem 3 is similar to that of the classical setting. However, for the sake
of clarity, we will provide the reader with it.
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Proof. In view of the previous facts and Lemma 1, it remains to prove(B@af,Y), || - ||)
is complete. LefAr)ien € B(X,Y) be a Cauchy sequence. Therefore, for e&ch O there
existsty(€) € N such that

[As— Al < €

wheneverst > ty(€).
Consequently, for eaohe X, (AX)ien is a Cauchy sequenceth SinceY is complete,
(AX)ten converges strongly ilf ast — . DefineA: X — Y by setting

AX:= tIimAtx in Y.

(1) Linearity of A: If A\, € K, Vt € N, thenA(AX+ Hy) = AAX+ PAY, for all x,y € X,
Thus, whert goes tow, it follows thatA(Ax+ py) = AAx+ pAy; for all x,y € X.

(2) Boundedness d&: Fist of all, note thaf|Ax |y :tlﬂl |AX]|s. Next, |[|Adll — [|As]]] <
lA: — As|| < € whenevers >t > tp(€), and hencd||A¢||)ier is @ Cauchy sequence i
Clearly, (]|A]|)ten converges, and hence is bounded, i.e., there ekists 0 such that
lA]] < M for eacht € N. Now [|[Ax|ly < M.|x| for all t € N andx € X, and hence
|AX||y <M. ||x|| for all x € X, consequentlyA is bounded.

To complete the proof we have to show tHj& — A|| — 0 ast — . In view of the
above, for each € X,

1A= Ay < [[Ac — Al [IX]]x,
and hence
[Ax— AsX[|y < €[|X]|x (3.2.2)
whenevers >t > tg(€). Lettings — « in (3.2.2) it follows that
[Ax—AXly < e][X]|x

wheneven > ty(€), that is,||A; — A|| — 0 ast — .

3.2.2 Examples

Example 12Let K = Q, equipped with thep-adic absolute value and suppose tat
Y = C(Zp,Qp), is the non-Archimedean Banach space appearing in Example 9 equipped
with its corresponding sup norm. Define

MV : C(Zpan) = C(ZP>QP)7 MV(p = y(X)(p, (3.2.3)

wherey € C(Zp,Qp).

In view of the above||My@||. < K . ||@|k, for eachg € C(Zp,Qp), whereK = ||y||o.
ConsequentlyMy is a bounded linear operator @iZp,,Qp). Note thatMy is commonly
calledmultiplication operator with potentiay.
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Example 13Let (K, |- |) be an arbitrary (complete) non-Archimedean field an&letY =
K, equipped with its natural topology (see Chapter 1). Met (as)rs-1..t be thet x t
square matrix, i.e.,

t
Me = Zasres-
S=
One can easily see thit is a bounded linear operator with norm

IM[| = max |as|.
1<r,s<t

3.2.3 The Banach AlgebraB(X)

A vector spacedY,+) overK is called analgebraif for eachx,y € Y, a unique product
xxYy € Y can be defined such that

(1) (xxy)xz=xx(y*2);
(2) x*(Y+2Z) =Xxy+XxZ;
(3) (X+Yy)*xz=Xx2+Yyx*Z;
(4) A(xxy) = (AX)xy = xx (Ay);
forall x,y,z€ Y andA € K.

An algebraY, +, x) with norm|| - || such that|xxy|| < ||x||.||y|| for allx,y € Y, is called
anormed algebra

A normed algebrgY,+,x,|| - ||) is called aBanach algebrdf it is complete for|| - ||.
Moreover, a Banach algeb(d .+, ,|| - ||) is called a Banach algebra with unity whether it
contains an elememtwith ||e|| = 1 such thaexx = xxe = x for eachx € Y.

In view of the above, it is clear thdB(X),+,o0,|| - ||), the collection of all bounded
linear operators ok equipped witho, the composition operator, is a Banach algebra with
unity.

3.2.4 Further Properties of Bounded Linear Operators

Let (X, - [|x), (Y,]|-|lv) be non-Archimedean Banach spaces @elf Ac B(X,Y), then
its kernelN(A) and rangdR (A) are respectively defined by

N(A) ={xeX:Ax=0}, and

R(A) ={Axe Y:xeX}.

Note that botiN(A) € X andR(A) C Y are (vector) subspaces. Furtherm&téi) may
or may not be closed whild(A) is always closed.

Definition 16. If A€ B(X,Y), then

(1) Ais said to be one-to-one N(A) = {0};
(2) Ais said to be onto iIR(A) =Y;
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(3) Ais said to be invertible if it is both one-to-one and onto.

If Ais invertible, then there exists a unique bounded linear operator deNotedf — X
called the inverse oA such that

A lA=1x, and AA L=y,

wherelx andly are the identity operators a8 andY, respectively. WhelX =Y, the
identity operator is denoted by

Lemma 2. Let (X, || - ||x) is a non-Archimedean Banach space o¥eand let Ac B(X). If
Al < 1, then - Alis invertible, and

| —A)1=F A 3.2.4
(I1-A) go ( )

with ||l — Al <1.
Proof. First of all, let us check that the seri%At is well defined. This is actually equiva-
t>

lent to the convergence 8§ to zero inB(X), ast — . Clearly, ||A']| < [|AL|[|A] < [JA|
for eacht € N, and hencg/A||' — 0 ast — oo, by ||A|| < 1. In view of the above, the series
%A‘ is absolutely convergent. Denote its sumSay= %At. Clearly,Se B(X). Indeed,

=

>
) t

IS =jim > A°
S=

t
<m Y A°
—00 &
< lim ma(1, Al [A%]. ... |A])
< lim max(L, |A......| A1)
=1

Moreover,
t

(1=AS=(1-A)lim 5 A°=lim (I - A1) =1.
S=

Similarly, it can be easily shown th&( — A) =X, and henc&s= (I — A)~! € B(X)
with [|(I =AY < 1.

Let (X, |- ||) be a non-Archimedean Banach space @and letA € B(X). Theresol-
ventset ofA is the set of all € K such that the operaté— Al has an inverse operator
(A—A)~1 e B(X). Thespectrumo(A) of Ais the set of alh € K such thatA — Al is not
invertible, thatisg(A) =K —p(A).
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Example 14Let X = C(Zp,Qp) equipped with the sup norm. Consider the multiplication
operator given in Example 13 (withix) = x) defined by
M :C(Zp,Qp) — C(Zp, Qp), M@X) :=X.¢(x).

It is not hard to check that both the spectrum and the resolvent keaod respectively
given by
a(M) =Zy, and p(M) = Qp — Zy.

A scalarA € K is calledeigenvalueof an operatoA € B(X) if there exists G4 u € X
such thatAu = Au. In this eventyu is called aneigenvectomassociated with the eigenvalue
A. The set of all eigenvalues is called theint spectrum and denoted loy(A). As in the
classical setting, the following holds:

Proposition 14.Let Ac B(X). Thenop(A) C o(A).
Proof. LetA € op(A) and let 0# u € X be an eigenvector associated witiClearly,A— Al
is not one-to-one, byA— Al )Ju= 0 and(A— Al )0= 0 withu # 0, and henca € o(A).

Example 15Let p be an odd prime. Let us equi@, x Qp with the non-Archimedean norm
given by/||(x,y)|| = max(|x|,]y|) for all x,y € Qp. Consider the Z 2 square matrix defined
by

ab
T= b —{0}.
(b a) , abe Qp { }
One can easily check that:

(2) o(T) =0p(T) = {a—b,a+b};
(3)p(T) =Qp—{a—b.a+by;
(3) [IT[l = max(|a—b], a+bf) = max({al, |b]).

We will retrieve the matrixT in Chapter 6 through a study of its functions.
Let A € B(X). Define the resolveri for eachi € p(A) by
RY=(A-Al"L
By definition of an elemerk € p(A),
R = (A—A)"teB(X).

As in the classical setting, the so-called resolvent equation holds in the non-
Archimedean context:

Proposition 15.Let Ac B(X). Then the resolvent equation holds, that is,
R R = (A1) RR)
forall \,pe p(A).

Proof. Write
RY— Ry = RY(A— ) — (A—A)IRY = (A — WRY R
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3.3 Bounded Linear Operators on Hilbert Space¥,

3.3.1 Introduction

This section examines bounded linear operatorEgnOur first task consist of studying

the decomposition of those operators as (non-Archimedean) infinite matrices. The second
task, consists of taking a closer look into the crucial issue of the existence or not of the
adjoint with respect to the non-Archimedean inner product given in (2.3.2).

3.3.2 Representation of Bounded Operators By Infinite Matrices

This subsection is mainly concerned with the decomposition of bounded linear operators in
terms of infinite matrices.

For a Banach spac&, || - ||), let (E*, || - ||) be its (topological) dual. Fdu,v) € E x E*,
define the linear operatgv® u) by

VX e E, (vau)(X) := v(X)u= (v,X)u.

More generally, leE andF be free Banach spaces over the same Keldith canonical
orthogonal baseg® )i and( f;)icj, respectively I, J being arbitrary index sets). Now if
f’ € E* (dual of E), then one defines the linear functiorfakk g : E — F by setting:

(f'@g)(h) := (f",hg with|[ '@ g = [ ']l

In particular if (¢ )¢ is the dual canonical orthogonal baselidrit can be easily seen that
(6l ® fs)t,9erxa € B(E,F), moreover

It
[

lef @ fsl| =
Clearly, if A € B(E,F), then it can be decomposed through the kidge-; as follows:
For allt e,

Aq = S;astfs with Islg last]|| fs|| =0, Vtel.

ConsequentlyA = Zatse{ ® fs. Furthermore, from the definition of the normAfi.e.,
S

AX|| .
|Al|l :=su A it follows that
x20 [IX]
Y
Il = sup

o lledl
st || ]
= supsup :

t s el

The previous discussion can be formulated by:
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Proposition 16.If A € B(E,F), then it can be written in a unique fashion as a pointwise
convergent series

A:Zatse{e@fs, tel, limas||fs| = 0. (3.3.1)
3 S

f
Moreover,||A|| = supsup%.
t S

Example 16Suppose thak = FF and letA = Zatse{ ® es, Wwhereais = A € K— {0} for all
S

(t,s) €1 xJ. If ||a]| =a > O for all t, thenA is a bounded linear operator. Moreover,
IA[] = [A].

If (E,|-]|) is a free Banach, then for every linear operatam E, the domairD(A) of
Ais defined by

D(A) := {x=(x) € E: lim x|[|Aq| = 0}. (3.3.2)

In fact, if Ais a bounded linear operator, thBgA) = E. Indeed, for eaclk = tha in
E

)

e[l Ae| < (1Al [lec]| = IA]1x]ox 2.

Note that there are linear operatorsibeuch thaD(A) # E. Those operators are called
unbounded linear operators and will be studied in Chapter 3.

Throughout the next subsection, we supposeRhaff = E,, | =J =N, and study the
existence of the adjoint of a bounded linear operatdtgn

3.3.3 Existence of the Adjoint

In contrast with the classical operator theory, we will see that there exist bounded linear
operators orE,, which do not have adjoint with respect to the non-Archimedean inner
product given in (2.3.2). Therefore, a necessary and sufficient condition, which ensures the
existence of the adjoint will be given. For more on the present setting we refer the reader
to[4], [24], and[25].

Letw= (wx)ten C K be a sequence of nonzero elements anfdie its corresponding
non-Archimedean Hilbert space. L&1B be bounded linear operators Br. As we have
previously seen, botA andB can be decomposed as follows:

A= 3 asi®a, VseN, lim [as|w|?=0,
t,seN -
and

B= ) bse®a, YseN, lim|bja[*?=0.
t,seN
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Definition 17. The linear operatoB given above is called the adjoint &fif and only if,
(Ag, W) = (@,BY), for all ,p € E,, where(-,-) is the inner product dE,, given in (2.3.2).

Remark 4.(1) If the adjoint of an operator exists, then it is unique. The uniqueness of
the adjoint is actually guaranteed by the fact that the inner produgtin (2.3.2) is
non-degenerate.

(2) It is sufficient to define the adjoint &€ using the canonical basf& ):cy for Ey,. Thus
B is an adjoint forA if and only if:

(Aq.6&s) = (&,Bey), Vt,seN. (3.3.3)

(3) The equation (3.3.3) is equivalent tn; = w; *wsag for all t,s € N. Moreover, since
tIirrolo|bts| lwx|? =0, VseN, the operatoA has an adjoint if and only if

. |as]
lim <|u)5|1/2 —0, VteN, (3.3.4)

S—00
(4) The adjoint of an operat@is denoted byA*.

Theorem 4.Let A be the bounded linear operator given above. Then A has an adjoint
A* € B(E,) if and only (3.3.4) holds. Under (3.3.4), the adjoirit & A can be uniquely
expressed by

A=Y wlosaxeoa. (3.3.5)
(t,s)eNxN

Proof. Write A* = Z Z bet (e{ ®es) , thenA* is the adjoint ofA if and only if (Ae;,&) =

teNseN
(es,A*&). In other terms:

s, & ) = sy = ( €, briex ) = bstws, Vst € N.

This is equivalent tg; = u);lu)tats for all s,t € N. Moreover, for allt,

lim |bst| |00s) Y2 = 0.
S—00

This is equivalent to Iim@ =0, forallse N.
t—co0 |(0t\1/2
The collection of all bounded linear operatorsiypwhose adjoint do exist with respect

to the non-Archimedean inner prodyct) given in (2.3.2), is denoted WBy(E,). Namely,

Bo(Egw) :={ z as €2 € B(Ey) : lim 2 =0, vt € N}.

& 500 |Q)s|1/2
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Remark 5Note thatBy(EE,) is stable under the operation of taking an adjoint. Namely, for
all A,;B € Bo(E,) andA € K, the following hold:

(1) (A+B)* = A"+ B
(2) (AB)* = B*A";

(3) (AA)* = AA;

(4) (A)" =A;

() [[All = [IA%]].

3.3.4 Examples of Bounded Operators with no Adjoint

Example 17LetK = (Qp, |- |). Suppose thaty = 1+ p'™* for eacht € N. Define the linear
operatorA: Ey, — E, by:
S

whereas = p'tt for all t,s e N.
Proposition 17.The operator A defined above is bounded and does not have an adjoint.
Proof. The operatoA = Z plt (e @ q) is well-defined. Indeedys, tIim las| . |y =

S —>00

lim p~*Y = 0. Furthermore,

t—oo

|| - [ /2 —ay _ L
Al = sup————— = su ==<oo.
sl t,seg ‘(*)5’1/2 t,segp p
remains to prove thatt, MO|%|1/2 = 0. Indeed,
|ats|

; — i —(1+t) _ A= (1+t)
"l o = Imp = 40

henceA does not have an adjoint.

Example 17 is a particular case of the next example.

Example 18Let (K, |-|) be a non-Archimedean valued field. Suppose|that= 1 for each
t € N. Define the linear operatés: E, — E, by: A= Z as (k@ e), whereas = 9 for
S

all't,se N with |9¢| # 0 for eacht € N andtlim\8t| =0.
Proposition 18.The operator A defined above is bounded and does not have an adjoint.

Proof. The proof is similar to that of Proposition 17, and therefore left to the reader.
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3.4 Perturbation of Bases

Let an orthogonal basghs),; be given and consider a sequence of vectéyl,  , not
necessarily an orthogonal base[Hg such that the differencé — hs is small in a certain
sense. We study some sufficient conditions under which the farijly  is a base oE,.

Theorem 5.Let (hs),. be an orthogonal base and léfs) y be a sequence of vectors
in E,, satisfying the following condition: There existsc (0,1) such that for every x

z Xshs € E,
seN

suplxs| || fs—hs|| < a . sup|xs| [[hs|| = a . [[x]].
seN seN

Then (fs)s.y is an orthogonal base. Moreover, for any:yzysfs € Ey Yl =
seN

sup(|ys|- || fs[]) -
seN

Proof. We first observe that, ¥= hg, then, the condition implies that for eagh| fs — hs|| <
aflhs|| < [hs[l, hencej| fs|| = [|hs]-
Next, for anyx = szhS € Ew, |Xs| || fs|| = [Xs| ||hs]|, that is, I|m(|x5| | fs||) = 0. There-

fore, the operator deflned by

AX — z XS fs
seN

is well-defined and satisfigshs = fs. Moreover

[} —AX]| =

Z Xs (hs
seN

< sup([xs| - [[hs — fs])

seN
< a. sup(|xs|.|hs||)
seN

—a. x|

It follows that ||l — A|| <a < 1, and hencd is invertible, by Theorem 2.
It remains to show thais isometric. In view of the above, observe that the inequalities:
IIx—AXx|| <a||x|| < ||| imply that||Ax]|| = ||x|| for anyx € E,, henceAis isometric.
Consequently fs). is an orthogonal base. Moreover, for any Z Ysfs € Eq,
seN

Iyl = = Sup(\ysl 1hs]])-

Zys

Among other things, the following is an immediate consequences of Theorem 5.

ZYS s

seN

Corollary 2. Let (es)sey be the canonical base fdt,, and let(fs)sey C Eq, be a family of
vectors such that
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sup< & - ft”) <1 (3.4.1)
ten \ [&ll

Then(fs)sew is also an orthogonal base fdg,.

Theorem 6.Let (hs),_y be an orthogonal base, € B(E,,) invertible such thaf|C™2|| =
IC||~%. Suppose thatfs).y is a sequence of vectors iy, satisfying the following condi-
tion

|| fs— Ch||

Ssup——————
e TN

then(fs)s is an orthogonal base.

<l

Proof. We first observe that for arg/ || fs|| < ||C|| ||hs|| . For anyx = Z&yXShS €Ey:
SS

, , | fs||

lim |xs| || fs|| = lim |xg| ||

Jim b sl = Jim s ] =
< cll - lim x| [Ih|

=0.

Therefore if we puAx= Z xsfs, then,Ais a well-defined operator satisfyidds = fs.
seN
The second condition of the theorem implies that if weB&tC — A, then

1Bl = lIC—All = [[A=C]| < [IC]],

from which we deduce th&iA|| = ||C|| .
Now
IBSH < IBI [l < el fic™ =1,

by assumption. Therefore, the operad@ is such that
|[1-ACY|=|BCY| <L

We can apply Theorem 2 #C~! and find that it is invertible. Sind@ is also invertible,
it follows thatA is invertible. Moreover, it is not difficult to show thatis isometric, and
hence( fs)s. is an orthogonal base fdk,.

The next corollary is a generalization of Corollary 2.

Corollary 3. Let (hs)s.y C Eq, be an orthogonal basigfs).n C Eg, a sequence of vectors
and{ a non-zero element & satisfying:

fs—Ch
Sup” S Z SH < |Z‘7

seN  |Ih]

then,(fs)s is an orthogonal base fdk,.
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Proof. In Theorem 6, we take the matitxto be the diagonal matri = Cts (h;® ht)
t,se

with ¢s =0 if t #sandc; = { for all t > 0. It is clear that for anys, Chs = Chg, C is
invertible,C~*hs = {~hs, |[C|| = [¢| and||C~Y|| = | *. Moreover

quplle=Crell _ _lIfs—Che|

seN s seN [hs]
<[
= |Cl-
Corollary 4. Let (hs)scy be an orthogonal base fd,,. If (gs)sen IS @ sequence of vectors
of Ey, satisfying: lim i ‘Z)SSM |gs|| = O for each ke N, and that,

|hs—Shy|
sup( o172 <1,

seN

where Sh= Z %gs for each ke N, then(Shy)scry is an orthogonal base d,,.

seN
Remark 6.(1) Note thaiSdefined above is a linear operatorBg.
(2) The assumption, i <T';’)S|S>‘ lgs|| = O implies that

<hk7 g5> gs, vk E N

sh=Y

seN

is well-defined.

(3) The operato&is isometric, by using suéH |S |1S/?;H> <1
seN

Proof. It suffices to puC =1, and fs = Sh;in Theorem 6.

3.4.1 Example

We illustrate Corollary 3 with the following example: Letbe a prime K = Q, ws =
ps> |Q)S‘ = s
As an orthogonal basis fdi,, we use the canonical orthogonal bags  and recall
1
that||es|| = |ws|¥2 = —. Let ¢ be such thalg| = 1 and let

p¥/?
gs=(U-¢)es+p"® Yy @&, VseN.
teNt#s
1
We chooseu such thatu| = 1 and|u— ¢| = —. To achieve this choice afwe do the

following: ¢ is ap-adic unit which can be ertten |K as
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C=a0+ap+ap’+...+asp°+as1p* ...,

where 1I<ag< p—landfork#0,0<a < p—1.
Setting
U=ag+ap+ap’+...+asp°

it follows that |u| = 1 and
U—G¢=—(as:1p*' + ...,

1
and hencéu—¢| = oS

Clearly,
1
los| = max<ru o2, p1+ssup|wi|1/2)
_ 1
B p1+s+s/2’ uppl+5+l/2
= max( T+sts/2’ p1+s>
= p1+s (even if s=0).
s 1
Thus’%‘l/2 = pLis/2’ and
1
SUp ||gSH < ‘c’ -1

Up
s ‘(*)5’1/2 p1+S/2

In summary, if we letfs = gs+ {es = ues + pl+5§ e, then

| fs — & 0|l
SUup—————— =S < Z
p SGN|o| 72 [4F

seN &l

3.5 Hilbert-Schmidt Operators

3.5.1 Basic Definitions

As in the classical setting, Hilbert-Schmidt operators in non-Archimedean Hilbert spaces
are bounded linear operators satisfying a convergence property. Surprisingly, such conver-

gence depends on the base.

Definition 18. A bounded linear operatdr: E,, — E, is a p-adic Hilbert-Schmidt operator
if:
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1/2
Z(IIAQH)Z .
&\ Tl |

where(& )ien is the canonical orthogonal base K. We denote by, (E,) the collection
of all Hilbert-Schmidt operators di,.

Q(A) =

Remark 7(i) If || =1forallt € N, i.e., if (&)cy is an orthonormal base, we retrieve the
definition of a Hilbert-Schmidt operator as in the classical context.

Remark 8In contrast with the classical setting, the definition of a Hilbert-Schmidt operator
depends on the base. To find out, febe an odd prime and s& = (Qp,|-|). Then
]%| =2/ =1. Letwy =1 fori =0,1,2,... and consider the correspondipeadic Hilbert
spaceky,.

Let (g)ien be the canonical base fii, and letfi = g fori > 1 andfy = ey + €1, and
f1 = ep— ey. It can be shown thdtf; )icy is an orthogonal base fdi,.

LetA: E,— E be the projection onto the one-dimensional space spanneg by

Agp=¢€, Ag=0 forall i >1.
It can be easily shown thétis a Hilbert-Schmidt operator and that

||Aes||2 |ATs*

_% RY AR

Definition 19. Let A be a Hilbert-Schmidt operator dy,. The real number

5 (e

is then well-defined and is called the Hilbert-Schmidt normof

1/2
QA) =

Theorem 7.Let A€ By(Ey), then the following statements hold true:

(1) A has an adjoint denoted A

(2) Q(A) = Q(A") and A" € By(Eo);
@) Al < (QA)).

Remark 91n view of the aboveB;(E,) C Bo(Ey).

Proof. LetA= Zats e(s®a) be a Hilbert-Schmidt operator. We first show that the bound-

edness is a direct consequence of the convergence property. The convergence of the real
series yields:
2
im 1A&l” o
soo ||
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Aes? : :
and therefore, the sequenéM) is bounded. But since
seN

[0S
A | Aes|
A sup sup ,
WAL= S e = SeP g2
hencel|Al| < oo.
(1) We need to prove that for 4l I|m Im; laﬁ‘/z = 0. Again, because of the convergence of
| Aes||>
the real series, Ilrhw)
Since
el =11y asall = supfas||ca|*?,
it follows that 2l
Ss|
Vi, Slm o172 =0.
(2) If A* = Za{‘s (k@ a) with & = w ‘wsas, then:
S
] A (e9)]?
Q*(A) =
) Z (%8
-y sup e |2 |ox|* [ast]” o |
5 ||
s olaslox]
5 x|
On the other handQ? (A ZSupM but if we consider the real matri@ =
(cts) Wherecs = |a[Tu)s||(Q| then its transpose &' = (cq) with cs; = % Moreover,

all the entries in colums of C are the same as all the entries in reof C, therefore

Jaxs|” Jast|? e
sup——— = sup———.
ol T @
Thus,Q? (A*) = Q?(A) < . Consequentlyd* € By(E,,).
(3) We have
Zsupmsr @
t [6Y
|ats| | |
> sup| sup———
- sp< S
= |IAJ%.

This completes the proof.
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Theorem 8.The following statements hold true:

(1) let AB € Bo(Ey,) and suppose that & By(E,), then both AB and BA are injBE,,).
(2) let AB € By(E,), then ABc By(E,) and

Q(AB) < Q(A). Q(B).

Remark 10.(a) From (1) above it follows thd;(E,) is a two-sided ideal iBy(E,);
(b) From (2) above, we have thd@,(E,), Q(-)) is a normed algebra.

Proof. (1) Observe thatBA(es)|| < ||B|| [|A(es)||, hence

IBA(ey)||? 2 AP
[y jos|

SinceB € B(E,) andA € By(Ey,) it follows thatBA € By (E,).

Now by Theorem 7A* exists and is iBz(E), hence, by the first pafB*A* € By(Ey,).
Again by Theorem 7AB= (B*A*)" € By(E,).

(2) This is straightforward, and hence left to the reader.

<8l

The following is now clear.

Theorem 9.Let Ac By(E,), then the following are equivalent

(1) Ac Bz(Ew);
(2) forallU,V € By(Ey),UAV € By(Ey).

Proof. To see thaf2) = (1) choosdJ =V =1.

In the spacé;,(E,) we introduce a form, namely: For #lB € B,(E,,),

> (3.5.1)

This defines a symmetric, bilinear and non-degenerate forBa(d@,). The relationship
between the bilinear form defined above and the Hilbert-Schmidt norm is given by the
Cauchy-Schwarz inequality (see Theorem 10 below).

Theorem 10.1f A,B € Bz(Ey,), then|(A,B)| < Q(A).Q(B).

Proof. We first give a proof along a classical line:

|[<AB>| =

(Aes,Bey)
P |
|(Ae;,Bey)|
2l
|Aes]| |[Bes|

=D RO
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by the Cauchy-Schwarz inequality for the bilinear formiyn

Now we consider the sequences- (Us)s With us = ||(|::—el°‘/’2 andv = (Vs)s with vg =
||(|2|els/‘2. Since bothA andB are inB,(E,,), then bothu andv are inl?(N). By Holder's
inequalityuv = (usVs)s € 1*(N) and

|Aes - (1B
i =y ———
w Z ||
1/2 1/2
g (Z uAean) / (Z ||Bes||2) /
T \E wy s o]
= Q(A).Q(B).

Combining, one obtaingA,B)| < Q(A).Q(B).
Next one gives another proof along an ultrametric line: first, wiite Za;s (e(s®el)
,S

andB = ths (e@a):

— Z o
|Aes| ||Bes||

T s | s

A [Bes|
< | sup .| sup
( s ‘(})5‘1/2 s |(*)S‘1/2

A B
:Sup\l esll.supl\ &l
s |lesll s |6l

= [|A[|B]]
< Q(A).Q(B),

tpa.be)

by [Theorem 7, (3)].
Here are other properties that are reminiscent of the classical case.
Proposition 19.Let A= Zats (&,®e&) and suppose that the expression
S

Jas| 0|

=C? < 0.
(v lox|

Then Ac By(E,,) and Q(A) <C.

Proof. We observe thats, sup|as|® || < Z |ags|* x| . Now
t
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|Aesl® 1
= suplas|? ||
2 o 20w |ws| :

S seN
|ags| |00[‘>
seN‘ (Z
_ ’ats‘ [aY
v o
=C2

Therefore,Q?(A) < C2.
Remark 11In contrast with the classical case, strict inequality may occur in Proposition 19.
Indeed, lefK = (Qp,|-]), ox = p~', as= p', hencelwx| = p', |as| = p~".

. 1
(1) Vs, lim fas| o]/ = im 75 =0

(2)

|ats| |ax |
2 ol szws

:épws

=C?> 1.

On the other hand,

| Aes||?
sup|as|® ||
2 oy Z\wsr :

But smcei > 1 it follows that < 5-
p-1 pP-1 (p-1

Proposition 20.Let A= Za;s (i@ &) € B(E), furthermore, suppose

(1) |ws| > 1, for all se N;
(2) sup|uxs| =M < oo;
S
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2 o0
@) Z(Sgplatsl) < .

Then Ac By(Ey,).

Proof. We simply observe that

2
1/2
Su

[&Y |oos|
2
<M (sgp\ats!) :

Remark 12Note that Proposition 20 above is reminiscent of the properties of operators,
which are of the "Kernel” type.

3.5.2 Further Properties of Hilbert-Schmidt Operators

We now explore properties of Non-Archimedean Hilbert-Schmidt operators which are sug-
gested by their classical counterparts. Set

Co(Eg,) = {(Aker € (E¢y)™ : lim [|Al|ea|7? =0}
Clearlyco(Eg,) is a non-Archimedean Banach space devhen endowed the norm

1(Awer| = suplAd| e [*2.
teN

Also, let

- N.
Fo'={(%)teny €K™ : tSEUI\IDW < oo},

In the same way, is a non-Archimedean Banach space dewith the norm

’Xt|
Xt = Ssup .
”( )tH e ‘ |1/2

In the context of the present situation we refecggE;,) as the set of all sequences of
elements irE;, which converge to 0, and ), as the set of bounded sequences of elements
of K.

Proposition 21.As Banach spaces ovE, E¢| is isomorphic to &.

Proof. As in [65], the mappindA — (Aes) gives the desired isomorphism.
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3.5.3 Completely Continuous Operators

Definition 20. An operatorA € B(E,) is completely continuoug it is the (uniform) limit
in B(E,) of a sequence of operatorsfofite rank We denote b¥C(E,,) the subspace of all
completely continuous operators Bg,.

Definition 21. For any operatoA € B(E), we defineAs, the s— componenbf A by the
formula:

X € Eg, AX= (AsX) sy -
It is clear thatAs € E.

Proposition 22.The mapping A- (As)s is an isomorphism of the Banach spacgf)
onto the Banach space (E;,) .

Proof. The proof is similar to that of [65, Proposition 4].

Theorem 11.Every Hilbert-Schmidt operator is completely continuous, i.e(EB) C

Proof. Let A be a Hilbert-Schmidt operator, then, by Theorem 7, the adfvirttoes exist
and it is also a Hilbert-Schmidt operator, hence

g Ixel?
s lox|
It follows that IimHA & =0.
S |005‘1/2
LetA= z a;j(e(j ® ) be the standard representatiorAcindAs thes-component
(i,))ENxN
of A. Itis enough to show that
lim [|As o™ =
Observe
AsX
IAsal
sup
el
|asil
supm‘l/z.
Hence 12
|asil | o] | A ||
Al | "% = sup = :
i |m|l/2 |(1)S|1/2
12 _

Therefore lim || A| |ws|
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3.5.4 Trace

One important notion in the classical theory is that of trace. We now define the trace of an
operator in the non-Archimedean context.

Definition 22.[12] For A € Bo(Ey,), we define the trace dfto be

(Aes,65)

tr(A) := 2 )

(3.5.2)

if the sum converges iK and wherges) . is the canonical orthogonal base .

We denote byB; (E,,) the collection of operators which have traces

Remark 13(1) The convergence K of the series in (3.5.2) is equivalent to

(Aes,e5)|
(s, 65) )_O'

(2) SinceA € By(Ey,), its adjointA* exists and {fA) =tr(A*).

lim

S—00

Remark 14Let A be a Hilbert-Schmidt operator. Does the definition ¢Ajrdependent of
the canonical orthogonal bag®),_?

3.5.5 Examples

Throughout this subsection, we suppose fKa complete non-Archimedean fiela,=
(w)ieny is a sequence of nonzero elementsKn and E, is the corresponding non-
Archimedean Hilbert space to= (X )ten-

Example 19Suppose that the ground figfd= (Qp, |- |) and consider the linear operator
onE, defined by

Aes = aksa,
k=0
where
s+k
P if k<s
) 1+ p+p?+...+ps
s =
0 if k>s.

We also require that:

(1) |ox| > 1 for eacht € N,
(2) supux| < M for someM > 0.
teN

1 An operatorA whose trace does exists is also caltetlear
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Proposition 23.Under assumptions (1)-(2) above, the operator A defined above is Hilbert-
Schmidt orE,,.

Proof. For eacts, [ags| [oa]™? = p~ (5t || 52 < MY/2p~(+) hence
s, lim [ays || Y2 =
Therefore A is well-defined.
Now
- ps+k N
A 3
A" = <O<ka<xs|1+ p+p2+... +p$’ o ) ’
and hence
5 ps+k 2
A <M
1ASs <0<k<sl—|— p+p2+... +p5‘>
Since S) it follows that
| 1+ p+pP+...+ ps| b
2 pstk 2 2s
A <M =Mp~
IAes [0<k<s|1—|— P+ p2+... +|05‘ } P
that is, R
o
by (1).

+o0
Since the seriez M p~2 converges, henok € By (Ey,).
S=

Example 20Suppose that the ground fiell= Q, and thatws = p~> for all s€ N. For
integersm> 1 andn > 0 let

1
A(mvn) — dS ® a
t ;N "o ( )

Proposition 24.Under previous assumptions (") is a Hilbert-Schmidt orE,,

(m, )est = p— Now since|w| = pt — « ast — ,

en " 1 o
there exists a positiviel such that suFi_ <M and it follows that
Pl 2m-1

HA(m,n)eSH2< M
|Q)S’ —|(A)S‘2ﬂ+l

Again, sincgws| = p° — o ass— o it follows that the series

Z !u)slan = Z ps(2n+1)

converges, henc&™" ¢ B, (E,).
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Example 21This example is a variation of the one produced in [24].Abk the operator
onE, defined by

a
Ags=Aes+ ) —.
) ;swr

Proposition 25.Suppose thatos| > 1 for all s, and consider a sequeng®s)y in (K, |.|)
satisfying:|As| > || Y/?for all s, andy [As|” converges. Then A B, (Eq).
S

Proof. Clearly,A € B(E). Moreover, fors

1
|Aey||® = max(])\s|2 || ,SUIO—> = [Asf* |00 -
s |wj|

The result now follows from the fact thi |A¢|? converges.
S

Remark 15In the case oK = (Qp, |- |), one can takex = p~3 andAs = p°.

3.6 Open Problems

Problem 1. Interesting questions related to this chapter consists of developing a compre-

hensive spectral theory for self-adjoint bounded operators, normal operators, completely
continuous operators, and Hilbert-Schmidt operators, as it had been done in the classical
setting.

The following questions, raised in Diagana[20], still remain:
Problem 2. Let T : E,, — E, be a bounded linear operator. Suppose thdbes not
have an adjoint. Can we pertufbso that the resulting operator has an adjoint?

Problem 3.Let T be a bounded linear operator By. Is it possible to decompodeas
T = A+ B, whereA € Bo(E,) andB does not have an adjoint?

Problem 4.Characterize the collection of all bounded linear operatoiBgmwhich do
not have adjoint.

Problem 5.Let T be a Hilbert-Schmidt operator dfy,. Define the square rodt/2 of
T? Does it exist an orthogonal basig); for E, such that

(X, @)
Tx= Ik

L@, X€EE,

wherep € K, Vt € N?

3.7 Bibliographical Notes

This chapter is entirely devoted to non-Archimedean bounded linear operators. Most of the
results of this chapter can be found in Diagana €#all2, 17], and Diarr§24, 25]



Chapter 4

Non-Archimedean Unbounded Linear
Operators

4.1 Introduction

Let w= (w)icn be a sequence of nonzero elements in a (complete) non-Archimedean field
(K,|-]) and let(E, || - ||, (-,-)) be the corresponding non-Archimedean Hilbert space (Sec-
tion 3.2). This chapter is devoted to unbounded linear operators on free Banach spaces
(respectively, on non-Archimedean Hilbert spa€g$. As for non-Archimedean bounded
linear operators, some of the results go along with the classical line and others deviate from
it. For the most part, the statements of the results are inspired by their classical counterparts.
However their proofs may depend heavily on the non-Archimedean nature dEhathd

the ground fieldK. As for non-Archimedean bounded operatorsigyn we shall see that

there exist unbounded linear operators, which do not have adjoint. Both the closedness and
the self-adjointness of those unbounded linear operators will be screened. To deal with both
the closedness and the self-adjoiness of those linear operators, we will equip the direct sum
Ew x Eg, with both a complete non-Archimedean norm and a (non-Archimedean) hilbertian
structure. As in the classical context, we consider an unitary opdraoit,, x E, which

yields a remarkable description the adjokitof A in terms ofA.

As illustrations, several examples will be discussed. In particular, special attention is
paid to the so-called (unbounded) diagonal operator, which will play a crucial role to diag-
onalizing self-adjoint linear operators (see Chapter 6).

Throughout the rest of this chapték, |- |) denotes a complete non-Archimedean valued
field.

4.2 Basic Definitions

Let (E,| - ||) and(FF, ||| -|||) be free Banach spaces o¥eand let(& )icn, (h)ieny denote the
canonical orthogonal bases associated Wittnd[F, respectively.

The next definition is crucial throughout the rest of the book and is due to Did@ana
18].
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Definition 23. An unbounded linear operatdrfrom EE into IF is a pair(D(A),A) consisting
of a subspac®(A) C E (called the domain oA) and a (possibly not continuous) linear
transformationA: D(A) — F. The domairD(A) contains the basg )icy and consists of
all u= (Uj)ien € E such thatAu= %uiAa converges irfF, that is

ie

D(A) i={u= (When € E: lim[u.|||A&]|| = 0},

A=Y aseoh, vseN, lim fa|. |||l =0.
t,seN

The collection of those unbounded linear operators is denoted ByF) andU (E) in
the case whefi = .

4.2.1 Example

Example 22Let K = (Qp,| - |) and suppose thaf = F = C(Z,,Qp), is the non-
Archimedean Banach space appearing in Examples 9 and 13 equipped with its correspond-
ing sup norm.

Lety= (Wt )ten : Zp — Qp be an arbitrary sequence of functions, not necessarily contin-
uous. Define

[ee]

D(My) := {u(x) :t;Ut fu(x) € E: fim |l [Myfelle =0},

MyU(x) :—tiuth) (), ¥ u(x) —tiutftm €D(My).

Itcan be easily checked that the linear operbtpis well-defined. Moreover, depending
on the boundedness or not of the expressiorj|glip, the operatoM, may or may not be
teN

bounded.

Throughout the rest of this chapter we tdke- F = E, with w= (w)iey C K being a
sequence of nonzero.

We have previously seen thatAfe B(E,) thenD(A) =E,,. Here, we will see that the
domains of most of operators that we consider differ fiibga As for bounded operators,
there are elements &f(E,), which do not have adjoint. In the next definition, we state
some necessary and sufficient conditions, which do guarantee the existence of the adjoint.

LI sup||yt|jeo = o0, thenMy is an unbounded linear operator G(Zp, Qp). Otherwise, it is a bounded linear
teN

operator.
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4.2.2 Existence of the Adjoint
Definition 24. A linear operatorA = ZS as €@ e in U(E,) is said to have an adjoint
A" € U(E,) if and only if:
lim lws| 2. |as| =0, VteN. (4.2.1)
Furthermore, under assumption (4.2.1), the adjatnaf A is uniquely expressed by

D(A") :={v=(\hen € Equ: lim || [A'al =0},

. " 1
A= asgee, VseN, limag |w|?=0,
t,5eN

wherea; = o) 1y

Set

|as]

,S

=0, VteN}.

Clearly,Bo(E) C Ug(Ey)-

Remark 161In the classical context, B is an unbounded linear operator on a Hilbert space
H, then(B*)* = B (B being the closure oB). In the non-Archimedean setting, it is not

difficult to check that ifA = Z asei @@ € Up(Ey), thenA* € Ug(E,,). Moreover,(a)* =
t,seN
as, Vt,s€ N, and hence

(A" =A.
4.2.3 Examples of Unbounded Operators With no Adjoint
Example 23SetK = Qp, the field of p-adic numbers endowed with theadic absolute

value|-| and letwy, = p* so thatjcq]% = p~?'. DefineA= Z as. (€@ &) by its coefficients:
S

ps if t<s
atS: 1 |f t:S
pt if t>s

Proposition 26.The linear operator A defined above is inEl,) and does not have an
adjoint.

Proof. SinceVs, Ii¥n|ats||wt|% = Iti£nspt p 2t = 0iitis then clear thaf = Z as. (@a)is
S

well-defined. Furthermor&it,se N,
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p2stts jf t<s

1
Mg sl )y it t=s
|0ds|2 pt+gsf%’t if t>s
Consequently,

> if t<s

1/2 e
Vi, s )\tS;:MZ 1 if t=s

o |oog|1/2 3 .
p 2t if t>s

Clearly, ||Al| := supAi s = , henceA € U (E,).
t,s
|as|

w2

To complete the proof we have to show that Iirsn # 0. Indeed,

vt lim 2L jim popts — oo,

S |os|2 s>t

hence the adjoint oA does not exist.

Similarly, takingbis = pt=3, for all t,s € N, andwy = p* for eacht € N, one can easily
check that:

B— —t-s Uo(Ee).
t’%p es® e & Uo(Ey)

4.3 Closed Linear Operators onE,
LetAc U(Ey). Asin the classical setting, we define the graph of the linear opekdipr
G(A) == {(Xx,AX) € E, x Eiy: x€ D(A)}.

Definition 25. An operatolA € U (E,) is said to be closed if its graph is a closed subspace
in E, x E,. The operatoA is said to be closable if it has a closed extension.

As in the classical theory of unbounded linear operators we characterize the closedness
of an operatoA € U (E,,) as follows:Vu € D(A) such thatju— u|| — 0 and||Au — V|| — 0
(ve Ey) ast — oo, thenu € D(A) andAu=v.

Remark 17Note that ifA € B(E,), then itis closed. Indeed singds boundedD(A) =E,.
Moreover ifu; € Ey, such thaty — u on E, ast — o, then by the boundedness Afit
follows thatAu +— Au ast +— oo, that is, (U, Au) — (u,Au) ast — o on Ey, x Ey,, hence
G(A) is closed.

Let C(E) denote the collection of closed linear operatdrs U (E) . Obviously,
B(Ey) C C(Ey).
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Remark 18As in the classical setting, it is not difficult to see thatdife C(E,,) and if
B e B(Ey), thenA+ B € C(Ey).

Definition 26. If A,B are (possibly unbounded) linear operatorsfgnsuch thatD(A) C
D(B) and Ax = Bx for eachx € D(A), thenB is said to be an extension #fand write
ACB.

Let A andB be (possibly unbounded) linear operatorsiyp their algebraic sum and
product are respectively defined by

D(A+B)=D(A)ND(B)

(A+B)u=Au+Bu, Yue D(A)NnD(B),

and
D(AB) ={ue D(B):Buec D(A)}

(AB)u=A(Bu), Yue D(AB).

The domairD(A) N D(B) of the algebraic sumA+ B has to be watched with care. In-
deed, it may happed(A)ND(B) = {0}. In this eventA+ Bis trivial.

LetA: D(A)— E be an unbounded linear operatorlta Note that in addition to the
topology ofE,, D(A) can be provided with another norm that we will call non-Archimedean
graph normdefined by:

[ulloa) = max([[ull, [|Aul]), Vue D(A).

Itis clear that the non-Archimedean graph norm is stronger than the ndig Moreover,
those two norms are equivalent if and onlAIE B(E,).

Proposition 27.Let A: D(A) — E, be an unbounded linear operator di, Then
(D(A), |- lo(a)) is a non-Archimedean Banach space if and only if A is closed.

Proof. It is easy to see thdD(A),|| - [[p(a)) is a non-Archimedean normed vector space.
Suppose that is closed. Le{u)ien C D(A) be a Cauchy sequence. Therefore, for each
€ > 0 there exist3y such that:

e = sl oa) = max(|u; — us], [|Ak — Aus)) < e

whenevet > s> T.

Consequently, botfw )iery (Al ey are Cauchy sequenceshp. Sincek, is complete,
U — U, Au — & ast — oo, Clearly,u € D(A) andAu= & because of the closednessfof
and hence{u, — ul|p(a) — 0 ast — o, that is,(D(A), || - |lo(a)) is complete.

Now suppose thdD(A), ||- |p(a)) is complete and Ik )en C D(A) such thaf|u — ul|
and||Au — || — 0 ast — o. We want to show that € D(A) andAu = &. Clearly,
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e — sllpa) = max(]ju — us], [|AL — Aul) — 0 ast,s— oo,

and hencgu )ien is @ Cauchy sequence {D(A), || - [[p(a))- In view of the above, there
existsv € D(A) such that

It — Vil = max(u; — V], A — Av]) — 0 ast — o

In particular,||u — V||, ||Au — Av|| — 0 ast — o, and therefores = v e D(A) andAv= Au=
&, because of the uniqueness of the limit.

Definition 27. An operatorA € U (E,,) is said to be symmetric ifAu,v) = (u,Av) for all
u,ve D(A).

Definition 28. An operatorA € Up(E,,) is said to be self-adjoint iD(A) = D(A*) andAu=
A*ufor eachue D(A).

Clearly, every self-adjoint operator is symmetric.
We shall prove the following important theorem:

Theorem 12.Let Ac Up(Ey,). Then its adjoint Ais a closed linear operator. In particular,
if A is self-adjoint, then it is closed.

LetI be the bounded linear operator which goes fityx E, into itself defined by:
M(u,Vv) = (=vu), Y(u,v) € Eg x Eq,.

Clearly,I" satisfies:

(i) T2(u,v) = —(u,v), Y(u,v) € B, x Eg;
(i) T2(M) = M for any subspachl of E, x Eq,.

From (i) it follows that: T2 = —| (I" is an unitary operator), whelleis the identity
operator ofE, x E,.

Theorem 13.1f A € Up(E,,), then G(A*) = [ G(A)]*, where[l G(A)]* is the orthogonal
complement off G(A)].
Proof. (Theorem 13). Since the adjoiAt of A does exist, one defines its graph by:
G(A") ={(X,A"X) e E, x Ei,: x€ D(A")}.
Thus for(x,y) € D(A*) x D(A) one has

(6AX), T (Y, AY))2 = ((XA'X), (~AYY))2
—(XAY) + (A"X,Y)
=0,
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henceG(A*) C [T G(A)]*.
Conversely, if(x,y) € [ G(A)]*, Vz€ D(A), then,

0= ((x.Y),(—Az2))>
= —(X,A2 + {y,2).

It follows that (Az x) = (z,y). Now by uniqueness of the adjoint, we obtain that
D(A*) andA*x =Yy, hence(x,y) € G(A*).

Proof. (Theorem 12). Since the adjoint Af of A does exist and th&tG(A) is a subspace
of Ey, x Eq, then using Theorem 13 it follows thgt(A*) = [F G(A)]* is closed, henca&*
is closed.

4.4 Diagonal Operators oriE,

Let w= (ux)ieny C K be a sequence of nonzero elements anilgbe its corresponding
non-Archimedean Hilbert space. L@ ieny C K be a sequence of elements such that

tIim |At| = oo. (4.4.1)
Define the diagonal operatére U (E,) by
D(A) = {x= (%) CK: lim [A].[x].[l&] =0},

and
AX= %)\mq, for eachx = %na € D(A).
te te

Proposition 28.Under assumption (4.4.1), the diagonal operator A defined above is a (un-
bounded) self-adjoint operator dfi,. Furthermore,p(A) ={A € K: A # A, Vt € N},

and 1
A-N"Y=su <7>
(A=) = sup( 5=
for eachA € p(A).

Proof. First of all, let us make sure that the operatas well-defined. For that, note that
lait| = |A¢] and thatas| = 0 if t £ s, and

lim fas] [ = lim |a| o =0,
>S
and hencd\ is Well/lédefined.
Now % =|A¢| if t =sand O ift # s. It follows that
|as| Jox |2
Al = sup —F———— = SUp|A¢| = 0,
1Al L upiA|
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and hencé\ € U (E,,).
Let us show that the adjoirt* of A does exist. This is actually obvious since

VteN, lim |as| jws] Y2 =1im |as| |ws| Y2 =0
S s>t

Clearly, the adjoinA* is defined byA* = Z bs €, @ &, wherebs = w; twsag = as for
S

allt,se N, and hencé = A",
To complete the proof we have to compute elements of the resgiyéntof A. We
want to find allA € K such that

(A=A)x=Yy, (4.4.2)
wherex = the\ € D(A) =D(A—Al) andy = Zyta € E,.
Considering (4.4.2) ofe )ien and using the fadA is self-adjoint it follows that
VteN, (A —A).(a,x) = (&,y).
Equivalently,vt € N,
(At —A) . % = Wyt (4.4.3)
For allA; # A, (4.4.2) has a unique solution Moreover,

X—

(4.4.9)
teN

Let us show thak = (A— ) ~1y given above is well-defined. For that it is sufficient to
prove that

lim il
t— oo\)\ — A

el =
: : : 1 .
Using (4.4.1) it easily follows that the sequer(: )\) is bounded, and hence
t— teN

Iyt\ _

It remains to find conditions ok so thatx defined above belongs B(A). For that, it is
sufficient to show that

o |wl _ At _
Indeed, sinc? linv:| |lal| =0
IVt |
0< im =5 lAal
M
< |im dimy| e
Ly wi YRR VARIEY

=0.
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all = les]

From (4.4.4) it follows that for eache N, ||(A—A) 1 A

1
A—N "1 =su < ),
[(A=2)""| tENIO FY

and hencéA—A\)~1 € B(E).
In summary, the resolvept(A) of A given by:

in other words,

P(A)={AeK:A#M\, Vt e N}

Remark 19Note thatD(A), the domain of the diagonal operammay or may not be equal
the wholeE,,. Indeed, take, for eadhe N, 1y € K — {0}, &y = 12, andX'= (% ten Where

- 1
% = W forallt € N. Clearly,X € E, since
t

1
Ilm\xt\HQH = I|m =0,

@ [A¢]

by (4.4.1). Meanwhile, one can easily see thdtD(A) since

lim (%] [\ [l =10,

4.5 Open Problems
Problem 1. Interesting questions related to this chapter consists of developing a compre-
hensive spectral theory for self-adjoint and normal (unbounded) linear operators.

Problem 2. Let T : D(T) C E, — E be a unbounded linear operator. Suppose that
T does not have an adjoint. How can we pertlirBo that the resulting operator has an
adjoint?

Problem 3.Let T be an unbounded linear operatorleg Is it possible to decompose
T as:T = A+ B, whereA € Uy(E,) andB does not have an adjoint?

Problem 4.Characterize (spectrally) the collection of all unbounded linear operators on
Ey, which do not have adjoint?

Problem 5.Let A,B be unbounded linear operatorsigg. Find necessary and sufficient
conditions so thaf+ B € C(E,).
4.6 Bibliographical Notes

This chapter is entirely devoted to non-Archimedean unbounded linear operator. Most of
results (published or not) of this chapter are due to Digdana8}






Chapter 5

Non-Archimedean Bilinear Forms

5.1 Introduction

In the classical setting, Bounded and unbounded sesquilinear forms on Hilbert spaces play
an crucial role in several fields such as quantum mechanics, mathematical physics, varia-
tional analysis, symplectic geometry, see, e.g., de Bivar-Weinholtz and Lgpidu3ia-
gana[19], Johnson and Lapid{84], and Kat¢35].

The present chapter examines a preliminary work of the author on non-Archimedean
counterparts of the classical bilinear forms on Hilbert spaces. To do so, we first introduce
and study bounded and unbounded (symmetric) bilinear forntgonkE,,; we then call
those forms non-Archimedean bilinear forms. Secondly, we emphasis on the closedness of
these bilinear forms in connection with the associated non-Archimedean quadratic forms as
it had been done in the classical setting in K@b, Chapter VI, p. 313]. In particular,
some sulfficient conditions for the closedness of the form sum of the so-called quadratically
disjoint closed bilinear forms, are given. In addition to the above, we also discuss the
construction of non-Archimedean Hilbert spaces through bilinear forms.

At the end of this chapter we discuss on a new representation theorem, which basically
says that under some suitable assumptions, each non-degenerate (unbounded) bilinear form
onE, x E, is representable by a linear operatounder some. Furthermore, when such a
bilinear form is symmetric, then the operatois self-adjoint.

If w= (wx)ten is a sequence of nonzero elementXinthen we lett,, denote its cor-
responding non-Archimedean Hilbert space éafl-n denotes the canonical orthogonal
base associated wiity,.

5.2 Basic Definitions

5.2.1 Continuous Linear Functionals onE,,

Definition 29. A linear functionald : E, — K is said to be continuous if there existsK0
such that



54 Toka Diagana

(W] <K ull, ueE. (5.2.1)

The smallest K such that (5.2.1) holds is called the norm of the continuous linear functional

¢ and is defined by
1] = sup(’q’f "‘)

The space of all continuous linear functionalsiypis denotedt;, and called the (topo-
logical) dual ofE,. The spacgE;, || -|||) is a Banach space ovE.

Proposition 29.Let¢ : E, — K be a continuous linear functional. Then its nofip||| can

be explicitly expressed as
!¢(a)l>
=sup( —— | .
o =sup( )

Proof. Obviously,|||®||| >sup(|q|)’( ||)’> , by the definition of the norm|]||.
Now letu # 0,

= | S0t

< sup(|$(e)].[ui])

1eN
_ [o(e)|(Juil-llal)
- ?e“Np< el )

[b(a)]
< ”“”'?e“Np< el )

6l < sup("f,( ‘)‘)

ieN
One completes the proof by combining the first and the latest inequalities.

and hence

The next theorem is a non-archimedean version of the well-known Riesz representation
theorem [35].

Theorem 14.Let¢ : E, — K be a linear functional such that

L (522

Then there exists a uniqug & E, such that
¢ (u) = (u,up), forallu e E,.

Moreover,|[|]|| = [|uol-
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Proof. Obviously, (5.2.2) yield$ is continuous a§|||| = suqu‘)’S’)‘ < o
ieN
Letu= z uig € E,. Now, o) = z uip(g) is well-defined. Indeed, sinage E,
ieN ieN
lim |ui||l&]| = 0, and hence
|—o00
. . €
im fuée)] < ul. im 43 —o

by (5.2.2).
Now, setup = %%a Using (5.2.2), one can easily see thagtc E,. Moreover,
ie

¢ (u) = (u,up) for eachu € E,.

Suppose that there exists anothgre E,, such thatp(u) = (u,vp) for eachu € E,.
Then,(up — Vp,u) = 0 for eachu € E,,, that is,up — VoL E,. In particular,{up — Vo,g) =0
for eachi € N, that is, all coordinates af — v in the canonical bas@ )iy of E, are zero,
and hencely = Vp.

Now

[|Uo|| := sup
ieN

——"@| =sup = [[|$]l]-

W ieN HQH

o&) H $(e)

Definition 30. A mapping@: E, x E,, — K is called a non-Archimedean bilinear form if
u— @(u,v) is linear for eaclv € E,, andv — @(u,v) linear for eactu € E,,.

One can easily see thatgf: E,, x E,, — K is a hon-Archimedean bilinear form over
Ew x Eq, then, for allu = (b )ien, V= (Vi )ien € Eq,

®uY)= 3 Oulh.Vs, YsEN, lim [ul|ows|*? =0, (5.2.3)

t,5=0

whereois = @(&, es) forallt,se N.

5.2.2 Bounded Bilinear Forms onE, x E,

Definition 31. A non-Archimedean bilinear formp: E,, x E,, — K is said to be bounded if
there existM > 0 such that

|O(u, V)| <M luf| - [|v] (5.2.4)

forall u,v € Eq,.
The smallest M such that (3.3.1) holds is called the norm of the bilinear foamd is

defined by
r<p<u,v>r>
= SuU .
Il u,v%?)(uuu.uvr




56 Toka Diagana

Example 24Let A: E, — Ey be a bounded linear operator. Setting
®(u,v) = (Au,v) forall u,veE,,,

where(-,-) is the inner product given in (2.3.2), it is then clear tfhats a bounded non-
Archimedean bilinear form ovég,, x E,.

Proposition 30.Let@: Ey, x E¢, — K be a bounded bilinear form. Then its notfp|| can

be explicitly expressed as
|<P(e.,ej)|>
Q|| = sup <7 .
191= S el ey

9(e,e)|

Proof. The inequality,||@|| > sup (W) , Is a straightforward consequence of the
i,jeN - 11€

definition of the normj|@|| of @.
Now supposel, Vv # 0. In view of the above, one has

29

> oee) uy
i,]=0

sup(le(ee)]- |uil - |v;l)
I,JeN

o)l (ul- el (vil- e )
B ( lel e >

Jull. V] sup <M> ,

ijen \ll&ll- el

ol < sup <M> |

i,jeN e ” . ”ej I

One completes the proof by combining the first and the latest inequalities.

|p(u,v)| =

IN

IA

and hence

5.2.3 Unbounded Bilinear Forms onE, x E,

We now introduce non-Archimedean analogues of the so-aatibdundedilinear forms.

Definition 32. A mapping¥ : D(¥) x D(W) C E, x E, — K is called a non-Archimedean
(unbounded) bilinear form if — W(u,V) is linear for eaclv € D(W) andv — W(u,v) linear
for eachu € D(W), where

D(W) = {u= (U)ten € Eo : lim [uy]. W(a,a)|Y? =0},

W) = Y Gistvs, VSEN, lim ju].|oisf? =0
t,s=0 —®

for all u,v € D(W), whereois = W(a,e;) forall t,se N.
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The subspacB (W) will be called thedomainof the non-Archimedean bilinear forgn
One says tha¥ is densely defined D(W) is dense irE,,.

Example 25Let A: D(A) C E, — Ey, be an unbounded linear operator. One can easily
check thaty(u,v) = (Au,Av), for u= (W )ien,V = (Mt )teny € D(A) is @ non-Archimedean
bilinear form, which can be explicitly expressed by

W(U,v) = 5 OtsU.Vs
t,5=0

whereois = (Aq,As&;),t,5=0,1,2,...
Clearly, ) given above is well-defined. Indeed, for each (W )iy € D(A),

. [(Aa,Aa)|? < |u|[|Aal|— 0 ast s o,

by u= (U)teny € D(A). MoreoverD(A) C D().
We now consider an example of bilinear forms corresponding to diagonal operators. Let
(At)teny C K be a sequence of terms such tthat |\ = 0. Define the operatok by

D(A) ={u= (U)ren : im [Af|we[[|&] = O},

Au= Y Mue foreachu=$H wa € D(A).
2, 2,

One can easily check thatis well-defined and is an unbounded linear operatdEgn
Define(u,v) = (Au,v) for eachu,v € D(A) by

P(u,v) = tZO(Dt)\tUtVt (5.2.5)

o)

forallu= Z)ute(, V= %vtq e D(A).

Clearly, g is well-defined. Indeed,

oA [ue [ = (A [we el (1w le]])

for eacht € N, and henc? ILr)ﬂmH)\tHutHvd =0, byue D(A) andve D(A) C E,. Next, it
is straightforward to check thatis a non-Archimedean bilinear form.

If g:D(Y) x D(Y) C E, x Ey, — Kis a non-Archimedean bilinear form, thguenotes
the non-Archimedeaquadratic formassociated withp and is defined by(u) = w(u,u)
for eachu € D() = D(q). Thus one can easily check that the relationship between the
quadratic forng and the non-Archimedean bilinear forpncan be expressed as

4. Y(u,v) =q(u+Vv)—qu—v), Yu,ve D). (5.2.6)
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Furthermore,
2. [qu)+q(v)] =aq(u+v)+qu—v) (5.2.7)

for all u,v e D().
Let @,y be p-adic bilinear forms. One defines theadic form sum of these non-
Archimedean bilinear forms by setting

D(e-+y) =D(9)ND(W),

(@+P)(uv) = oW, V) +¥(uV)

for all u,v € D(@)ND(Y).
Similarly, D(A . @) =D(@)and(A . @)(u,v) =A . @(uv) for all A € K— {0} andu,v €
D(9).

5.3 Closed and Closable non-Archimedean Bilinear Forms

Let a be a non-Archimedean (unbounded) bilinear form. As in the classical context one
defines the so-calleg-convergence as follows.

Definition 33. A sequencéx )iey € E, is said to bap-convergent tax € E, if (% )ien €
D(@), % — xin E, andq(x — %s) — 0 inK ast, s+ co.

The @-convergence of a sequen¢R)icy € E, to x € E, will be denoted by
X= (p—tlim X. As in the classical context, note that tipelimit, x, appearing in Defini-
tion 33, may or may not belong @(¢).

Example 26Consider the non-Archimedean bilinear fognfrespectively, its correspond-
ing quadratic formg) given in Example 25 witlK = Qj, the field of p-adic numbers
equipped with thep-adic absolute valug |. (p > 2 being a prime.) Supposa = p' for
eacht € N and thai\; = p! for eacht € N.

Clearly,tirg|)\t| = o0, and

D(A) = {u = (U)en € Eo: Jim p?|u| = O},
Au= Y pue foreachu= Y we € D(A), and
tZO t;)

qu) =S U foreachu= Y ug € D(A).
2 2

Here,
D(¢) =D(q) = {u= (When € Eq: lim |ue| = 0}.
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Clearly,D(A) C D(o) since|u;| < pz || — O ast — co wheneveu = (L )iy € D(A).
Now consider the sequence definedpy: p**S for eacht,sc N. One can easily check
that(ys)sey € D(A), y¢ — 0 ass+— oo for eacht € N, and

alys—yr) = (pP°=p)?y p*—0in Qp assr—o
teN

and hencep— lim ys=0.

Definition 34. A non-Archimedean bilinear fornp is said to be closed & = (p—tlim Xt
yieldsx € D(@) and thatg(xs — X) — 0 ass+ oo.

Theorem 15.Leta: D(¢)x D(¢@)— K be a bounded non-Archimedean bilinear form. Then
@is closed if and only if Dy) is a closed subspace Bf,,.

Proof. Suppose thapis a closed bounded non-Archimedean bilinear form,¢.& closed
and there exist® > 0 such that

|o(u, V)| <M. JJuf[-[IvI[, V(u,v) € D()x D(@).

Let (Us)sen € D(@) such thaus — uin Ey. So we have to show thate D(¢). Now from
the boundedness gfand the fact thatus)scy is a Cauchy sequence iy, (Us — u in E)

it is clear thatq(u — us) — 0 ast,s+— o whereq is the quadratic form associated wiph
and hencel = @— éL"LUS' Using the closedness @fit follows thatu € D(@), and therefore
D(¢) is a closed subspace &f,.

Conversely, suppose th@{@) is a closed subspace Bf, and letu = ¢— Mgo Us. Thus
(Us)seny € D(@), us— uin Ey, ass+— oo, andq(u; — Us) — 0 ast,s+— co. SinceD(@) is
closed, them € D(@). Again, by the boundedness@énd the factis — uin Ey, ass+— oo
it follows thatq(u — u) — 0 ast — oo, and henceis closed.

5.3.1 Closedness of the Form Sum

Definition 35. Let @4 (t = 1,2,...n) be n non-Archimedean bilinear forms and kgt(t =
1,...n) be the associated quadratic forms, respectively. One says that the sequence of non-

[qu(U)] # [aa(W)] # - # [an(U)] (5.3.1)
for each 0% u e D(@1) ND(@2) N...N D(@n).

Theorem 16.Let (@ )i—1..n be a (finite) sequence of bilinear forms such that egoft =
1,2,...,n) is closed. If (5.3.1) holds, then the form s@m @1 + @ + .... + @, with domain
D(¢) =D(@1) ND(g2) N...ND(¢y) is closed.
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Proof. Supposep— éin us = u for some sequendels)scn. Clearly, if the sequencls)scn

is constant, then there is nothing to prove. Now suppose(thaty is a nonconstant
sequence. Consequently,

01 (Ut — Us) + 02U — Us) + ... + 0 (U — Us) — O ast,s+— oo.

Clearly, among the natural integers, 1, 2, 3, ...,n, there dgjstach that

|01 (U — Us) + G2(U — Us) + .. + On(U — Us)| = [0k, (Ut — Us)|-

Namely,

|Oho (Ut — Us) | = max(|a (U — Us)|, [02(Ut = Us)] -, [On (e — Us)]),
by using (5.3.1) and the fakt is non-Archimedean. And hence
|Gk, (Ug — Us)| — O ast, s+ oo,

Consequentlygy, — Mgo Us = U, and thereforel € D(¢y,) andg,(Us—u) — 0 ass+— co.
Using the fact thafqg, (U — Us)| < |0, (U — Us)| for eachr = 1,2, ...n with r # kg it easily
follows thatu € D(¢ ) andg, (us — u) — 0 for eachk = 1,2,...,n with r # kp ass+ co.

In summaryu € D(¢) andq(us — u) — 0 ass+— o, whereq= 01 + gz + ... + gn, and
thereforepis closed.

Remark 20(1) Theorem 6 still holds when the quadratically disjoint assumption, Eg.
(5.3.1), is replaced by tharictly increasingassumption given by

lqu(W)| < [g(u)] < ... < [an(U)].

for each 0% ue D(@1) ND(@) N...ND(@n).

(2) In the classical context one makes use of both the closedness and the positiveness of
the real part of each formp (t = 1,2,...,n) to deduce the closedness of the form sum
@. Here, the situation is much more tricky since there is no notion of positiveness in a
general non-Archimedean fielkl

Corollary 5. Let@: D(¢)x D(¢) C Ey, x E,, — K be a closed non-Archimedean bilinear
form. Suppose that

2

Then the form sunp defined byp(u,v) := (u,v) + @(uv) for all u,v € D()is closed.

# |@(u,u)| for all nonzero u= %utet € D(g).
t=
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Proof. Suppose tha ijtutz
t=

< |@(u,u)| eachu= ZJUtQ € D(@) with u # 0. (when
t=

%ootutz > |@(u,u)|, one follows along the same lines as the case being treated.) Set
t=

&(u,v) = (u,v) for all u,v € E, where(-,-) is the inner product of,, defined in (2.3.2).
Clearly & is bounded, by the Cauchy-Schwarz inequality. Now sib¢® = E, theng§
is closed, by Theorem 15. One completes the proof by seftiagp+ & and apply it to
Theorem 6.

5.3.2 Construction of a non-Archimedean Hilbert Space Using Quadratic Forms

Letg: D(¢) x D(¢) C Ey, x E, — K be a non-degenerate non-Archimedean bilinear form.
Define

(U V)7 i= (u,v) +{(u,v) (5.3.2)
for all u,v € D((), and
lullg := max(|a(u)l. [lul®) (5.3.3)

for eachu € D((), whereq is the quadratic form associated with the non-Archimedean
bilinear formd.
One requires the following assumption

a(u+Vv)| < max(|q(u)[, [a(v)[) (5.3.4)

for allu,ve D(Q).

One can easily check that-), is symmetric, non-degenerate formD(¥) x D({) with
values inK. Under assumption (5.3.4) it is clear tHat||q is a non-Archimedean norm on
D(Q). Indeed, for allu,v € D(C)

lu+vllg = max(|a(u-+v)|, lu+vi?)
< max[max(|q(u)!. [a(v)|), max(||ul|?, ||v]|)]
= max(|a(u)l, [av), lull?, [v]?)
< max([|ullg, [IVIIZ [ull3, [IVI3)
= max(||ul|3, IVI3).

In other words,||u+V|lq < max||u|lq,||Vllq), and hence|.||q is a non-Archimedean
norm overD({). Let Eq denote the normed non-Archimedean sp&x€), || - ||q)-

Theorem 17.Let{ be a non-degenerate non-Archimedean bilinear form oyéj B D(().
Suppose that (5.3.4) holds. Théris closed if and only iEq is complete.
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Proof. Suppose that is closed and letus)scy € D({) be a Cauchy sequence Iiy.
Thus ||u; — us||3 = max(|a(u — us)|, |u; — us||?) — O ast,s+— . Now from the fact that
I-11d > laC)l, || ||% it easily follows that

Hut _uSHa ‘Q(U[ _US)| = 0 aSt,SHOO,

and hence there exisis E, such thatis— uass— o andq(u — Us) — 0 in K ast, s+ co.
In other words(us)scy is {-convergent tal. Since( is closed it follows thati € D(¢) and
g(us—u) — 0 in K ass+ . In summary,||us — u||q — O ass+— oo, and thereforel is
complete.

Conversely, suppose thél, is complete and leti=( — mus for some sequence
(Us)sen- Thus(Us)sen € D(Q), us— uin E,, andg(u — Us) — 0 ast, s+ oo. Itis routine to
see that|u — Us||q — O ast,s+— o. Now sincelE, is complete there existsc D({) = Eq
such thaf|us—Vv||q— 0 ass— o. Now ||us —V||q > ||us— V||, henceus — vin E, ass+— .
Using the uniqueness of the limit we deduce thatv. We then conclude thatus—u) — 0
ass— oo, that is,qis closed.

Remark 21In view of the proof of Theorem 17, §is a non-degenerate form whose corre-
sponding quadratic form satisfies (5.3.4), tiienJim us = uif and only if |u; — Ugllq — 0
ast,s— oo. Furthermoreu € D(C), { — mus =uifand only if |jus — u||q — 0 ass oo.

If the non-degenerate foriis closed and if (5.3.4) holds, then the spéiggs called
a p-adic Hilbert space when it is equipped with tieform given by (5.3.2). Furthermore,
if one supposes thdtis bounded with bounek 1 it is routine to check that the Cauchy-
Schwarz inequality is satisfied. Indeed,

(U] = [(u,v) +{(u,V)]
< max(|(u,v)/,|¢(u,v)|)
< max({[ul[f[vi[, [[uf[{]v]])
= [|uf{f|v]
< ||ullg|lv]lq forall u,ve Eq.

5.3.3 Further Properties of the Closure

Let @, be non-Archimedean bilinear forms. One says th& an extension o and
denote it C @if D(P) C D(@)andy(u,v) = @(uv) for all u,v e D().

Definition 36. A non-Archimedean bilinear formp is said to beclosableif it has a closed
extension.

Theorem 18.Let ¢ be a non-degenerate non-Archimedean bilinear form. Suppose that
g, the corresponding quadratic form tp satisfies Eq. (5.3.4). 1§ is closable, then
Qo— ;i_rQOUS = Oyields qUs) — 0 as s— co.
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Proof. Let ¢ denote a closed extension @f Clearly, the statemengt— émus =0 yields
0— EL‘;L”S = 0. Now ifgis the quadratic form associated wilit is clear thaty(u) = q(u)
for eachu € D(¢) C D(¢), and hencey(us) = T(Us) = G(us — 0) — 0 ass+ o, by the
closedness ap.

Remark 22When @ is closable, the smallest closure in the sense of the extension of
quadratic forms is called theosureof @ and denoted by. ClearlyD(@) C D(@).

5.4 Representation of Bilinear Forms oriE, x E, by Linear Operators

Definition 37. A bilinear form@: D(@) x D(¢) — K is said to be representable whether
there exists a (possibly unbounded) linear operatoDAA) — E, such that

@(u,v) = (Au,v), Yue D(A),ve D(o).

In this section we examine the representation of (unbounded) bilinear forBisoii,,
by linear operators. Namely, it will be shown that each non-degenerate bilineagpfonm
Ey x E, is representable whenever

lim (%) —o. (5.4.1)

Moreover, ifA denotes the linear operator @i, associated with the forrp, then the
adjointA* of A does exist provided that the following holds: for egchN,

o (lee.e)l\ L leee)l
i"j‘;( el ) i'ﬂl< Tal ) 0 (54.2)

Theorem 19.Let@: D(¢)x D(¢)— K be a non-degenerate unbounded bilinear form. Then

@ is representable whenever assumption (5.4.1) holds. Moreover, if A denotes the linear
operator associated witlp, then the adjoint Aof A exists whenever assumption (5.4.2)
holds.

Proof. Suppose that assumption (5.4.1) holds. Fanall(u; )ien, V= (Vj)jen € D(@), write

o(u,v) = Z @®(e,€)) uyvj, with VjeN, I|m (yu,\ (e, eJ)’l/Z) =0.
i,]=0

Define the linear operaté onE, as follows:

D(A) :={u= (U)ien € Eq,: lim [uif [|Ae|| = 0},

_ we.e)l N
Au_i,%\;[ o }(eﬂ@a)u, Yu= (U)ien € D(A).
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Obviously,A is well-defined. Indeed, for all € N,

‘m(a, j |<p(a, |o(e,e)]

by using (5.4.1).
Now

Au= Z ! (Z uip(e, e,)) e, Yu= (u)ien € D(A),
ieN

jeN wj
and hence for eadre N, (Ag,e) = ¢(g,8).
Moreover,D(A) C D(@). Indeed, i1 = (Ui )iey € D(A), then using the Cauchy-Schwarz
inequality it follows thatyVi € N,

, o (e, 8)
uil? |9(e,@)] = |u -”a”'< e >

~ e ()

< Jul?. el |Ael
= (lul-ll&l]) - (lul - |Aal]),

and hence Iin(\ui . y(p(a,a)]l/z) =0, thatis,u € D(¢).
|—o00
Note thatujv@(e,e) — 0 asi,k — oo, by using the fact thatu(e D(A) C D(¢) and
ve D(g)):

v, 80| = (lullee,a)?) . (o, 8)["2ul) 0, asik—w,

and hence

> > uvipe.a)=3 Y uwee,e),

keNieN ieNkeN
according to a result by Cassels [7]. Consequently, the following successive equalities are
justified:

(Au,v) = k;ywkai (.;r uicp(a,aa)

=3 % (Z um(a&))
keN ieN

= ; P&, 8) Ui Vi
i.keN

= (p(U,V)

for all u= (u)ieny € D(A) andv = (Vi)ken € D(9).
Furthermore, the uniqueness/fs guaranteed by the fact thais non-degenerate. It
remains to show that*, the adjoint ofA exists; this can be done as in the bounded case.
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Example 27Consider the bilinear form defined by

ou,v) = ZNT[ij UVj, VU= (U)ien,V= (Vi)ien € D(9)
RE

where (i )i jeny C K is an arbitrary sequence, and the domifp) of ¢ is defined as
follows:

D(@) ={u= (Wiew € B : im (\ui | |7 ]1/2> =0}
Note thatp(e, ;) = T; for alli, j € N and hence an equivalent of assumption (5.4.1) is:

jim 1Tl _

_ =0 (5.4.3)
i—e &

Upon making assumption (5.4.3), the unique (possibly unbounded) linear operator as-
sociated withpis given by

TG
Au= — YU = (U); D(A
u (LJZEN o J®Q> u, Yu= (Uj)ien € D(A)

whereD(A) = {u= (Uj)ien € Eg: lim |Aall.|u| = O}.

If in addition, lim (%) = lim <%> =0, then the adjoinA* of A does exist.
|—00 |—00

Corollary 6. Letg: D(¢)x D(¢)— K be a non-degenerate (unbounded) symmetric bilinear
form. Thengis representable whenever assumption (5.4.1) holds. Moreover, if A denotes
the linear operator associated with, then the adjoint Aof A exists with A= A*.

5.5 Bibliographical Notes

This chapter consists of a preliminary work by the author on non-Archimedean bilinear
forms. All the results of this chapter are quite new and can be found in Digtyhn21].






Chapter 6

Functions of Some Self-adjoint Linear
Operators onE,,
6.1 Introduction

Fractional powers of closed linear operators play a key role in many fields such as the theory
of analytic semigroups, existence and unigueness of solutions of solutions to some partial
differential equations, stochastic processes, and enable us to handle the wellskjuawna

root problem of Katqsee [13], [14], [15], and[16]) L.

Among other things, an important and challenging objective in a near future consists of
formulating a non-Archimedean version of the square root problem of Kato. That obviously
requires the introduction in the literature of a non-Archimedean theory of fractional powers
for (general) closed unbounded linear operators.

This chapter considers some preliminary investigations by the author on integer powers
as well as functions of (possibly unbounded) of some specific linear operatégs &s an
illustration, we will construct functions of ax22 symmetric matrix o), x Q,. However,
one should point out that several questions related to fractional powers of general closed
linear operators in the non-Archimedean context still remain.

6.2 Products and Sums of Diagonal Operators

Let (At)ien C K be a sequence satisfying (4.4.1) andAdte a diagonal operator defined
onE, by
D(A) = {x= (%)en € B> lim [Ae]. %] [|&[| = O},

and

AX = Z Ax &, Vxe D(A).
teN

Now, letB € U (E,) be another diagonal operator By defined by,

1 Note that the square root problem of Kato in the classical setting amounts to showing that for some regular
linear operatorg\, D(AY/2) = D(A*Y/2).
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D(B) = {x= (%)ten € B lim [ie]. x| &l =0},

and

Bx= z mxe, vxe D(B),
teN

where( )ieny C K, then the algebraic sus+ B of A andB is defined by
D(A+B)=D(A)ND(B),

(A+B)x = Ax+Bx,

for allx e D(A)ND(B).
As a straightforward consequence of Proposition 28 we have

Corollary 7. Under (4.4.1), suppose that| < |A;| for each te N, then A+ B is self-
adjoint. Furthermore,

P(A+B)={AcK:A#A+ 1, Vt €N}, and
1
A+B—\) Y =su <7>
[ATB=A =P m =t
for eachA € p(A+B).

Proof. First of all, note tha{ A+ B)x = Z (At + )% & for eachx = (%)ieny € D(A+ B),

teN
where

D(A+B) = {x= ()ten : im [Ac+ 1] x| [l&]| = O}
From || < |A¢| for eacht € N it follows that |A; + | = |A¢| for all t € N, and hence,
D(A+B)=D(A).
Now, A+ B is well-defined since

lim A+ pel el llecfl = Jim [Aif x| & ] =0.

Note thatA+ B is diagonal with coefficientg = A + 1k, wheret Iig1|yt] = t””l, |At] = oo,
by (4.4.1). To complete the proof one follows along the same line as in the proof of Propo-
sition 28.

Let (i) C K be a sequence. Similarly, the prodéd of the diagonal operatois and
B is defined by:
D(AB) ={xe D(B):Bxe D(A)},

(AB)x = A(BX), Vx € D(AB).

It can be easily checked th&fB)x = z At X &, for eachx = (% )ieny € D(AB), where
teN

D(AB) = {x= ()ten : im [Ad[.[k]. %/ [l& ]| = O}.
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Corollary 8. If tIim |Atlk | = oo, then the product AB of A and B is self-adjoint. Furthermore,

P(AB) ={A e K: N # Atlk, Vt € N}, and

1
A8-0) | = sup( - )
1A= =2 ]

for eachA € p(AB).

6.3 Integer Powers of Diagonal Operators

For B = (khey C K, let J(u) denote the collection ofz € Z such that
tIim " :tlim |k |* = oo, that is,

JW ={zeZ: Jim [k = lim [p|* = oo}.

Remark 23If A = (At)ten, L= (Ik )teny are sequences of elementskinone has the follow-
ing properties:

(1) IfzZ € J(N), thenz+Z, zZ € J(M);

() JN) = J(A));

(3) J(A + ) = J(max([A], u[)) wheneverA| 7 |ul;

(4) J(p) C J(A) wheneverp| < [A[;

(5) 0Z J(A) for eacha;

(6) J(0) =Z~ — {0}, the set of nonzero negative integers;
(M) IN)NIAY) = {0};

(8) J(1x) = {0}.

Definition 38. Letzc J(A). Define integer power§A?),.;_ oy of the diagonal operatak

by:
D(A) = {x= ()ten C K lim [A|*. x| . [|&]| = O},

(6.3.1)
A% = Z A% & foreachx = (% ey € D(A?),
teN

where(Ay)ieny C K. Similarly, one define#® = |, wherel is the identity operator oRy,.

Example 28SupposeK = Q, wherep > 2 is a prime number. Consider the diagonal
operatorA defined by:

D(A) = {x= (X)ten C Qp: lim [Ad].|x|.|&[| = O},

and
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Ax= z Axea, Vxe D(A),
teN

where\; = p” for eacht € N.
It is easy to see thal(A) = Z~ — {0}, the set of all nonzero negative integers. In this
event, for eaclz € Z~ — {0}, one defineg\* by:

D(A) = {x = (%)ien C Qp lim p~*"|x|[|ax|| = 0}

and

A’X = z PPxa, Yxe D(A).
teN

Using previous results, one can easily see Afas self-adjoint and that
P(A?) = {A € @p:A+# P, VteN}.

Proposition 31.Let zZ € J(A). If A is a diagonal operator with{A; )ieny C K as a corre-
sponding sequence, then

(1) AAZ = A,
(2) (A7 = A2,
Proof. (1) If x= z X € D(A% Ai) thenAZAZx = z )\t”zxtet. Next we use the fact that

teN
zZ € J(A) yield z+z’ € J(N) (see Remark 29).

(2) Similarly, if x = %xte( € D((A%?), then(A%)Zx %)\ #x:a. Using Remark 29 it

easily follows tha(A?)Z = AZZ.

Proposition 32.1f z € J(A), then X is self-adjoint. Furthermorep(A?) = {A e K: A #

A, Vt e N}, and
_ 1
1Az —sup( )
teN |)\t |

Proof. First of all, note thatA’x = z A% &, VX = (X%)ten € D(A?) with D(A?) = {x =

for eachA € p(A?).

(X)teny C K: I|m A %] el = 0} Slnceze J(A) it follows thatA? is well-defined.
Note thatAZ is a diagonal operator correspondingyto= A;* with tIim IVt| = o0, by

ze J(A). So to complete the proof one follows along the same line as in the proof of
Proposition 28.

Proposition 33.Let A B be diagonal operators ofi,,. If A = (At)ten, M= (ki )ten are
respectively the corresponding sequences to the diagonal operators A and B|X&ahekif
|| for each te NandJ(A) NJ(U)NZ* # 0 (Z* being the set of all natural numbers), then

D((A+B)*) = D(A") ND(B*) = D((A+B)™),

for each z= JIN)NJ(W)NZT.
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Proof. Using the fact thaf\;| # || for eacht € N it easily follows that
A+ e f* = max(A %, |]?) (6.3.2)

forallt e N,ze Z*. In particular, (6.3.2) holds for eaae J(A) NJ(W) NZ™.
Now the operato(A-+ B)? is defined by:

(A+BPx=S (A +M)™a
teN

for eachx = (X )tey € D((A+B)?), where

D((A+BY)) = {x=(%)ew CK: Jim [Ac+w|* x| [|l&ll = O}
= {x= 0en : lim max(|Adl?, |ke[*) x| [l& | = O}
= D(AY) N D(BY).

It is also clear thatA + B)Z is self-adjoint for eactz € J(A\) NJ(W)NZ*, and hence
(A+B)*= (A+B)*

Remark 24In view of Definition 38, the point now is how to define integer powers of a
general unbounded linear operatodefined by

AY = Zats(e(se@a)w, Yy € D(A).

It is clear that whetheA is a self-adjoint linear operator dfy, whose point spectrum
is given by a sequendgt ):cy and if the sequencef; ien is its corresponding orthogonal
eigenfunctions, theA can be seen as a diagonal operatdfihcn, and hence Definition 38
can be applied to it. More generally, fif: K — K is an analytic functions whose domain
Dom(f) contains the sequenc® ):cr, then one can defing(A). The latter point will be
investigated in Section 6.4.

Another interesting question conceiffractional powersof a general unbounded linear
operatorA defined by

Ap= Zats(eé@) a)p, Voe D(A),

including diagonal operators. A partial answer to this question is given as follows: consider
M, the set of all (complete) non-Archimedean figls| - |) such that i\ € K, thenA9 e K

for someq € Q, and|A9| = |A|9. Clearly, if K ¢ M, then the fractional powers of every
diagonal operator on (as a non-Archimedean Hilbert spacelOvEy, are defined as for
diagonal operators, see Definition 38. Next, one applies the previous method to those self-
adjoint operators oft,, whose point spectrums are given by sequences as above to define
their functions.



72 Toka Diagana

6.4 Functions of Self-Adjoint Operators

This section is a generalization of the previous one and introduces functions of some spe-
cific self-adjoint operators oR,. Namely, we construct functions of a self-adjoint (pos-
sibly unbounded) operatdr on E,, whose point spectrura,(T), is given by a sequence
(Wt ten C K. For that, let(h; )icy denote the sequence of eigenfunctions associated with the
eigenvaluegy )ien, that is,
Th = yh

for eacht € N. As in the classical context, one can easily check fahs) = ;& for some
(o )teny € K—{0}. Forthe sake of simplicity, we suppose ttfaj;cy is an orthogonal base
for E,,. To achieve the latter goal, we assume that there exists a nontrivial isometric linear
bijectionV such that:

Vg =h forall teN.

Consequently,
(h,hs) = (Va,Ves) = s,
and
][ = Jo| = oa
for eacht € N.

Clearly, for eachu € Eq, u= %utht with lim |u[[F[| = O, where ||| = || /2, for
IE —00
eacht € N. Moreover, the operatdr can be rewritten in the basgh; )icy as

D(T) = {u= (Uren € B> lim [ue[lve|[lhe]| = O},

Tu:= %%WL for eachu = (W )teny € D(T).
te

Thus if f : K — K is analytic, and if eacl for t € N belongs tadDom(f), the domain
of f, one then define$§(T) by

D(f(T)) = {u= (When € B> lim Ju|[F(v)| |[Fl| = O},

f(Tu:= Z f(y)uh, foreachu= (u)ieny € D(F(T)).
teN

Using Proposition 28, the following holds:

Proposition 34.Under previous assumptions, the operatqiT f defined above is self-
adjoint. Furthermore,

p(f(T)) ={yeK:A# f(y), Vt e N}, and

_ 1
R e
for eachA € p(f(T)).
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If f,g:K — K are analytic functions such thap(T) C Dom(f) nDom(g), then the
following hold:

(1) (af)(T)=0af(T) foralla €K;

(2) D(f(T)+9(T)) cD((f+9)(T));

(3) D(f(T)g(T)) C D((fg)(T));

@) If f(x) =ax +a_1 X"t +... +ax+ag € K[x], then

T

f(T)=aT +a 1T 14+ . +a T +agl

with D((T)) = D(TY);
G) Ml :tsEuNp\f(w)\-

6.5 Functions of Some Symmetric Square Matrices OveQp x Qp

Throughout of this section, we Igtdenote arodd prime This section illustrates in some
extent our previous construction. Namelyf ifQ, — Qp is an analytic function, we give an
explicit formula for f (T) whereT is a 2x 2 symmetric matrix ove@Q, x Qp ando,(T) C
Qp. In particular, iff is eitherf(x) =x" or f(x) =x"", or f(x) = expp(x) for x € Zp such
that|x| < pp%pl, then the formula forf (T) will be considered.

Here, we consider 2 2 (symmetric) square matric&soverQp x Qy:

a b
T= <b a)’ a,b e Qy.

From now on, we suppose thab € Q, — {0}. Moreover, the direct surfp, x Qp will
be equipped with the non-Archimedean norm and the inner product defined respectively by:

For all <§> , (:) € Qp x Qp,
u @ | = max((x], )
()6)--

where| - | is the p-adic absolute value.
0
= =1,and
el = | <1> [

In view of the abovelje; || = || <é> =1,
<657Q> = 6St7 S7t = 1727

and

wheredg; are the Kronecker symbols.
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It is not hard to see that(T) = op(T) = {a—b,a-+ b}. Moreover, it is clear thap =
1 1 . . . , .
< 1) andy = <1> are respectively the eigenvectors associated with the eigenvalues

a—banda+b.
Consider the nontrivial linear bijection defined orQ, x Qp by

1 1
V=
-1 1
whose invers® 1 is given by
172 —1/2
vi=
1/2 12

MoreoverVe, = gandVe, = Y. Clearly,{¢,} is also an orthogonal base@f, x Q.

X .
Furthermore, eac y =Xxe +ye € Qp x Qp can be uniquely expressed as

(3) [ o 152

Clearly, T considered i{@,} can be rewritten as

a—-b O

T <§> —(a—b) [%’} .9+ (a+b) [%’} b

Using our previous setting, if : Qp — Q) is an analytic function whose domain con-
tainsa(T), then

or

£(T) <X> _ %’} f(a—b)o+ [%’} f(a+ by
|

y
f(a—b) (_11> 4 [%’] f(a+b) (i)

2
[ﬂ fa—b) + [%’] f(a+b)

= {X_y] f(a—b)+ {%’] f(a+b)
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for all § € Qpx Qp.
Clearly,

f(a—b)+ f(a+b) f(a+b)—f(a—b)
2 2

f(T) =
f(a+b)—f(a—b) f(a—b)+f(a+b)
2 2
Note thatf (T) is also a symmetric matrix whose eigenvalues are given by:

o(f(T))={f(a—b),f(a+b)} = f(o(T)).

6.5.1 The Powers of the MatrixT

We are interested to finding explicit expressions of biotlandT " forn=1,2,3,.... For
that we take respectivelf(x) =x", x e Qp andf(x) =x", x € Qp— {0}.
We have

(a-b"+(@+b)"  (a+b"—(a—b"
2 2

T" =
(a+b)"—(a—b)" (a—b)"+ (a+b)"
2 2
If a—b,a+be Qp— {0}, then

(a—b) "+ (a+b)™" (a+b)y"—(a—-b)™"
2 2

T "=
(@a+b)™"—(a—b)™™ (a—b) "+ (a+b)"
2 2

6.5.2 Exponential of the Matrix T

To definee’, the exponential matrix of , we suppose that both— b anda+ b belong to
—p
the domain of thep-adic exponential, i.ea+b,a—b € Z, such thata—b|, |[a+b| < pr-1.
Under previous assumptiores, is defined by:

exp, (a—b)+exp,(a+b) exp,(a+b)—exp,(a—b)
2 2

exp,(a+b) —exp,(a—b)  exp,(a—b)+exp,(a+b)
2 2
where exp(-) denotes thg-adic exponential function.
As previouslye' is also symmetric with eigenvalues given by:

o(e") = {exp,(a—b),exp,(a+b)} = exp,(o(T)).
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6.6 Open Problems

Problem 1.Let T be an arbitrary (possibly unbounded) self-adjoint linear operatd.pn
Construct fractional powers af.

Problem 2.Let T be an arbitrary (possibly unbounded) normal linear operatdton
As in Problem 1, Can we construct fractional powerg 6f

Problem 3.Formulate a non-Archimedean version of the Kato’s square root problem for
normal operators. For more on the classical version of the square root problem of Kato for
(unbounded) normal operators, we refer the reader to Difb@na

Problem 4. Let A,B be (unbounded) self-adjoint operators 6 such thatA —B €
B2(E). Suppose that both(A) and f(B) exist, wheref : K — K is an analytic function.
Find (necessary) sufficient conditions under whig¢A) — f(B) € By(E,). In this event,
approximateQ (f(A) — f(B)) in terms ofQ(A—B) (Q(T) being the Hilbert-Schmidt norm
of T € By(Eq)).

Problem 5. Let A,B be (unbounded) self-adjoint operatorsIég such thatA — B €
B1(Eyw). Suppose that both(A) and f (B) exist for some analytic functioh: K — K. Find
sufficient conditions under which(A) — f(B) € B1(E,). In this event, find a relationship
between tff (A)— f(B)) in terms of ttA—B) (tr(T) being the trace of € By(E)).

6.7 Bibliographical Notes

The results of this chapter are quite new and entirely based upon results in D2jana



Chapter 7

One-Parameter Family of Bounded Linear
Operators on Free Banach Spaces

7.1 Introduction

Let (K,+,-,|-|) be a (complete) non-Archimedean valued field an@}die the closed ball
of K centered at O with radius that is,

Qr={keK: K <r}.

As we have previously seef; is also open irfK. Furthermore, every bald, is an
additive subgroup dK. From now on, the radiusof the ballQ, will be suitably chosen so
that the series, which defines theadic exponential converges. Indeed,iet- Q, be the
field of p-adic numbersg > 2 being a prime) equipped with the usyehdic valuation - |
and letQ, = {q€ Qp: |g| <r}. As we have seen in (1.3.4) of Subsection 1.1.3. pHaelic
exponential

_ X
exmh(x) .:t;H

is not always well-defined and analytic for each Q,. However, it does converge for all
X € Zp such thatx| <r = p’ﬁ. For more on these we refer the reader to Subsection 1.1.3
or[1, 40, 66]

In this chapter we provide the reader with a brief conceptualization of a non-
Archimedean counterpart of the classiCglsemigroupsn connection with the formalism
of linear operators on free Banach and non-Archimedean Hilbert spaces.

The present chapter is mainly motivated by the solvabilityp@fdic differential and
partial differential equations, as strong (mild) solutions to the Cauchy problem related to
several classes of differential and partial differential equations arising in the classical con-
text can be explicitly expressed througktsemigroups, see, e.§57] and[58].

As for the p-adic exponential defined above, here, the parameter of a @lyen
semigroup belongs to one of those clopen @lisvhose radius will be suitably chosen.

Let us mention however that the idea of considering one-parameter families of bounded lin-
ear operators on balls such@gswas first initiated if1] for bounded symmetric operators
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on Q. Here, it goes back to consider those issues within the framework of free Banach
and non-Archimedean Hilbert spaces while a development of a non-Archimedean operator
theory is underway.

One of the consequences of the ongoing discussion is tfi&=HfQ, and if A is a

bounded linear operator on a free Banach sfasatisfying||A|| <r with r = p‘ﬁ, then

the function defined by
_ (xA)
V(X) = <t>§ | Yo XE Q

for a fixedug € E, is the solution to the homogeneopsadic differential equation given by

{ %u(t) =Ault), teQ

7.2 Basic Definitions

Let (E,||-||) be a free Banach space. Throughout the rest of this chapter, we consider
families (T (K))keq, : E — E of bounded linear operators. We always supposertligt
suitably chosen so that— T (k) is well-defined.

Definition 39. Letr > 0 be a real number. A famil§T (K))xcq, : E — E of bounded linear
operators will be called semigroupof bounded linear operators @hif

(1) T(0) =Ig, wherelg is the unit operator oE;
@) T(k+K)=T(K)T(K) forall K,k € Q.

The semigroufd T (K))keq, Will be called of clas<Cy or strongly continuousf the fol-
lowing additional condition holds

(3) Iir%HT(K)x— x|| = 0 for eachx € E.
K—

Remark 250ne should point out that a semigro(ip(k))«eq, of bounded linear opera-
tors is not only a semigroup but also a group. EVE(y) is invertible, the inverse being
T(—K), according to (1)-(2) of Definition 39. Moreover, itis an infinite abelian group. Thus
throughout the rest of this chapter the expression “group” (respecigetyroup) will be
preferred to that of “semigroup” (respectivefs-semigroup).

Remark 26A group (T (K))«eq, Will be calleduniformly continuousf the following addi-
tional condition holds

(@) fim [T () ~ Is]| 0.
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Definition 40. If (T (K))keq, iS @ group as above, then the linear operatdefined by

D(A)={xecE: II(iT0 <T(K)K$(> exists,

Ax=lim (T(K)%?, for eachx € D(A)

K—0
is called the infinitesimal generator associated with the g(@uR))«eq, -

Remark 27(1) Note that if(T (K))«egq, is a group or and if (& );cy denotes the orthogonal

basis forE, thenT (k) for eachk € Q, can be expressed &&= Z x& € E, by
teN

T(K)x= Z xT(K)e,
teN

where
VseN, T(k)es= %&S(K)Q with  lim Jaes(k)[[|& ]| = 0.
te

(2) Using (1) one can easily see that for each0 € Q,,

VseN, (LK_'E) &= <7a55(? — 1) es+;sa‘ST(K)a

with im _fas()[la]| = 0.
) If (T(Kj)KEQr is a group oriE, then its infinitesimal generatédx may or may not be a
bounded linear operator dh

7.3 Properties of non-ArchimedearCy-Groups

In this chapter we mainly focus on general groups, and strongly continuous groups of
bounded linear operators on general free Banach spaces. We begin with the following
example:

Example 29Take KK = Qp the field of p-adic numbers. Consider the b&l} of Qp with

r= p‘ﬁ. Let (X,||- ||) be a free Banach space ov@p and let(f;)icy be its canoni-

cal orthogonal base. Define for eaglke Q, and forx= %xtft € X the family of linear
t=

operators
T(a)x= ) xe*f;

where(l )ieny C Q; is a sequence of nonzero elements.
It is routine to check that the familyT (q))qecq, is well-defined.
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Proposition 35.The family(T(q))qeq, Of linear operators given above is a@roup of
bounded linear operators whose infinitesimal generator is the (bounded) diagonal operator
A defined by

Ax= Y uxf; foreach =Y xfi € X.

Proof. First, note thail (q) is analytic on the bal,. Itis routine to check thafT (q) )qeo,
is a family of bounded linear operators ¥nIndeed, for eaclq € Q,

q LK
T(q)ft:ep{ ft: s;? ft, V'[GN,

_ e
HU@H—K;)§>

by the fact thagjx € Q, for eacht € N.
Furthermore, one can easily check that

(1) T(0) =Ix;
(2 T(a+d) =T(a)T(d) forall ¢ € Q;
(3) AiL%HT(q)x— X|| = 0 for eachx € X.

and hence

< o,

Thus(T(9))geq; is aCo-group of bounded linear operators.
Now let B be the infinitesimal generator ¢T (q))qeq, . It remains to show that = B.
First of all, let us show thdD(B) =X (= D(A)). Clearly, for each & q € Q,,

T(Q)ft — ft . <e“tq—1> f
g q /"

for eacht € N, and hence

. T(g)fi—f
D(B) = (x= (e fim x| [ TLE=E 0y
by
X | - HT(OI):;— f < ﬂxt,i;’ftu) — 0 ast— oo,

for eachx = z x fr e X.

teN
To complete the proof it suffices to prove that

HAft— <W> H — 0 asq— 0.

a_1
The latter is actually obvious sin ee“tT> — Lk asq— 0, and henc® = Ais the

infinitesimal generator of th€y-group(T (q))geq, -
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In the next theorem, we take = Q, wherep > 2 is prime. Note also that it is a natural
generalization of Example 29.

Theorem 20.Let A be a bounded linear operator dhsuch that/|A|| <r = p’ﬁ. Then
A is the infinitesimal generator of an uniformly continuous group of bounded operators

(T(2))geq -

Proof. Suppose thaAis a bounded linear operator &with ||A|| <r = p’p%l and set, for
eachqg € Qy,

(9A?
T(q) = . 7.3.1
(a) S; g (7.3.1)
Clearly, the series given by (7.3.1) converges in norm and defines a family of bounded
linear operators oR, by |q] . [|A]| <r. Itis also routine to check that(0) =Ix, T(q+d) =
T(o)T(d) forallg,q € Q.
It remains to show thafT (q))qeq, given above is uniformly continuous. Indeed#0

g€ Q, one has
T(q)—IX:qA{S;(ij_Al))! }

and hence
T —1
H% —AH < Al [T @) =1l < IT(@) 1] (7.3.2)
Now, [T () — Iz < [dl . IIA] - 2@, whereZ(q) = 5 ~% converges, and hence
- ’ s; (s+1)
lim ||T(q) —Ix|| = 0. (7.3.3)
g—0
Consequently,
im [T —1x A” _o0.
g—0 q

by using both (7.3.2) and (7.3.3).

Remark 28. (i) Note that the mappin@, — B(E), g+— T(q) is analytic. Furthermore,

dT(q)

—at AT(q) =T(qQ)A.

(il) An abstract version of Theorem 20, i.e., in a general non-Archimedean valuetKfield
remains an open problem.

Now let (K, |- |) be a (complete) non-Archimedean valued field an@l}et K be a clopen,
werer is chosen so th&®, — B(X), kK — T (k) is well-defined.
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Theorem 21.Let (T (K))keq, be a G-group and let A be its infinitesimal generator. Sup-
pose that there exists M 0 such that||T (k)|| < M for eachk € Q; C K. Then, for each
x € D(A), T(k)x € D(A) for eachk € Q;. Furthermore,

(d-gf(K) ) Xx=AT(K)x=T(K)AxX

Proof. The proof, in some extent, is similar to that of the classical one, however for the
sake of clarity, we will provide the reader with all details. ket D(A) and let 0% K € Q.
Using Definition 39, Definition 40, and the boundedness ofGfgroup T (K), it easily

follows that
(LK)K 'X) T(K)x = T(K) (LK_'X> x (7.3.4)
— T (K')Ax (7.3.5)

ask — 0.
ConsequentlyT (k)x € D(A) andAT (k")x = T (k")Ax, by (7.3.4). Furthermore, since

T (k) <LK_IX> X+ T(K')AX askK— 0

it follows that the right derivative of (k’)xis T (k")Ax.
To complete the proof, we have to show that for eaghid € Q, the left derivative of
T(k")x exists and i (k")Ax. Note that ifo, 0’ € Q;, then so i — ¢, by using

|0 — 0’| <max(|al,|a’]) <.

Now

Il(iﬂjo <T(K/)x— I(K’ —K)X T(K’)X> _
iy 10 (FEP - )
Jrll(iLn0 [T(K'—K)AX—T(K')AX .
Clearly,

K—0

lim T (k" —K) <T(K>%( —Ax> =0,

by || T(0)|| <M for eacho € Q.
Using the strong continuity of the grodpk) it follows that

lim [T (k" —K)Ax—T(k")AX = 0.

K—0

Consequently,

im <T(K’)X—1’(K’ —K)X

— T(K’)x) =0,

and hence the left derivative ®fk’)x exists and equalB(k’)Ax. This completes the proof.

K—0
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Remark 290ne of consequences of Theorem 21 is that the funetign=T (t)up, t € Q;
for someuy € D(A), is the solution to the homogeneaguswdic differential equation given

by

% =Aut), teQ,
(7.3.6)

u(0) = uo,

whereA: D(A) C X +— X is the infinitesimal generator of th&-group (T (t)icq, andu:
Q, — D(A) is aX-valued function.

7.4 Existence of Solutions to Some p-adic Differential Equations

The present section continues the above-mentioned discussion. Namely, we study the ex-
istence and uniqueness of a solution to the Cauchy problem for the homogeradias
differential equation

(7.4.1)

u(o) = UO € @pa

whereA is a self-adjoint linear operator diZp,Qp) whose spectrun(A) = ap(A) =
{Ak}ken With op(A) being the point spectrum @&&. For that, the first task consists of
constructing the spectral decompositionAofThen utilizing the spectral decomposition of
A and upon making some additional assumptions @), it will be shown that (7.4.1) has
a unigue solution, which can be explicitly expressed as

ut) =y NEi (), Vt € Uy,
ieN

where(E )icy is called spectral projection associated vAtin the sense th&E; =EE; =
gjEiforalli,jeN,andUp={ueZp:|u < pfﬁ}. However, one should point out that
the question, which consists of the existence and uniqueness of a solution to the correspond-
ing inhomogeneous equation to (7.4.1) is open. Furthermore, except results of [31, 32] on
the existence of solutions to (7.4.1) in the case wh@&nclosed in some non-Archimedean
Banach space, it is quite unclear whether our results can be compared with the rest of the
existing literature orp-adic differential equations.

To discuss the existence of solutions to (7.4.1), we first establish a spectral decompo-
sition for A, which enables us to construct tig-semigroup associatedl To do so, we
require the following assumptions:
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(H.1) The operatoA is a self-adjoint orC(Z,, Q) with spectruma(A) consisting of its
eigenvalueg Ay ken. Each eigenvalue is of (finite) multiplicityy that is equal to the
dimension of the corresponding eigenspace.

(H.2) There exists an orthonormal basg)ken of eigenvectors fo€(Zp, Qp).
(H.3) a(A) c Up whereUp = {u e Zp: |u| < p‘ﬁ},

Theorem 22.Under assumptions (H.1)-(H.2), for eackeWD(A),
m

Au= 5 A (U fiofe=3 AEi(u)
keN 1=1 keN

m

whereEy(u) = Z (u, fl) f} for each ke N, is called spectral projection associated with A
=1

in the sense thak;E; = E;E; = §;;E foralli, j € N.

Proof. Using assumption (H.2) it easily follows that eack C(Zp, Q) can be expressed
in the orthonormal basgf} )ken as follows:

my
u= (u £l =S Ee(u) with lim
keZm; keZN k—eo

(u, i) fie

w(u fl)f
I; s Tk/ 'k

=0,

whereEy(u) =
|

M3

Now

my
provided that lim( A«  (u, fi) fi
k—o0 el .

Clearly, for eachu € C(Zp,Qp),

= lim [ AEK(U) > = O, that is,u € D(A).

&=
=
—~

=
N—
I
_
=
—~

c
SN—
)
~
-x

3

<U, er> er7 fi|> fil

|
37
A

Il
M3 [M3 M=
™M

ﬁ
Il

(u, fjr><fjr7 fil> fiI,

and hencé&,E;(u) = E;E;(u) = &;E;(u) for all i, j € N.
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Now if f: ZpNo(A)— Qp is analytic, one definef(A) as follows:

D(f(A)) == {u€ C(Zp,Qp) : lim|f(A)]. |[Ei(W)]}o = O},

f(Au= _%f(xi)Ei(u), vue D(f(A)).

In particular, under assumption (H.3) and lettifig) = € for eacht € Uy, it follows that
for eacht € Up,
ehu= Y e'Ei(u), ueC(Zp,Qp).
ieN
Itis then easy to see thé&‘A)teUp is an analyticCo-group, which turns out to be an infinite
group satisfyingt” = | for t = 0 with | being the identity operator Gf(Zp,Qp). Moreover,
using the fact thal\E;(up) = AiEi(up) for eachi € N, one can easily see that

ut) =5 eMEi(w), teUp
ieEN
is the only solution to (7.4.1).
The previous discussion can be formulated as follows:

Theorem 23.Under assumptions (H.1)-(H.2)-(H.3), the first-order differential equation,
(7.4.1), has a unique solution, which can be explicitly expressed as

u(t) = _ZN UE; (up), t € Up,

whereE; (up) = S (U, f! ) f! fori e N.

M3

Remark 30Forr > 0, letU, = {ue Qp: |u] <r}. Using Theorem 23, one easily sees that
the Cauchy problem for the p-adic partial differential equation
@(t,x) =Au(t,x), teZp, xe U

ot (7.4.2)

u(0,x) =up(x), xe U,
has also a unique solution; Z, x U, — Qp, which can be explicitly expressed as

u(t,x) = 5 e'Ei(uo(x)), teUp,

ieN
whereE; (ug(x)) = S (ug(x), f) ! fori e N.
|

M3

85
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7.5 Open Problems

Problem 1.Consider the nonhomogeneopsdic differential equation

‘;—“ — AUt) + (1), teQr,
t (7.5.1)

wheref : Q; — Qp is a continuous function.
Express the solution to this equation in termsi@ff, and theCo-group associated the
multiplication operator
Au=Q(t)u, Yue C(Zp,Qp),

whereQ = qusfs € C(Zp,Qp).
S=

Problem 2.Prove the existence of solutions to the first-ongedic differential equation

%J =Au(t)+ f(t), teZp,
(7.5.2)
u(0) =up € Qp,
and the first-ordep-adic partial differential equation
ou ‘
E(t,x) =Au(t,x) + f(t,x), t € Zp,xe Q
(7.5.3)

u(0,x) =up(x) € C(Qr,Qp),

whereA is a self-adjoint linear operator diZp,Qp) whose spectrun(A) = ap(A) =
{Ak}ken With op(A) being the point spectrum & and f € C(Z,,Qp) (respectivelyf :
Zp x Qr — Qy is jointly continuous).

Express the solution to this equation in termsigf f, and theCy-group associated the
operatorA.

7.6 Bibliographical Notes

The results of this chapter are quite new and entirely based upon results in Di28fana
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